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EXTREMAL VALUES OF THE INTERVAL NUMBER
OF A GRAPH*

JERROLD R. GRIGGSt AND DOUGLAS B. WEST#}

Abstract. The interval number i(G) of a simple graph G is the smallest number ¢ such that to each vertex
in G there can be assigned a collection of at most ¢ finite closed intervals on the real line so that there is an edge
between vertices v and w in G if and only if some interval for v intersects some interval for w. The well known
interval graphs are precisely those graphs G with i(G)=1. We prove here that for any graph G with
maximum degree d, i(G)= [5(d +1)]. This bound is attained by every regular graph of degree d with no
triangles, so is best possible. The degree bound is applied to show that i(G)= [3n] for graphs on n vertices
and i(G) = |Ve| for graphs with e edges.

1. Introduction to interval numbers. We begin by discussing earlier work on
interval graphs and boxicity in order to motivate the definition of interval numbers. A
simple bound on the interval number given the numbers of edges and of vertices of a
graph is presented along with results on the interval number of some basic graphs. In the
next section we prove our main result, which gives the best-possible upper bound on the
interval number of a graph given its maximum degree. This is applied to obtain an upper
bound on the interval number given only the number of vertices. We conclude by listing
several interesting open problems.

Interval graphs are simple undirected graphs G with the property that there exists a
collection of finite closed intervals on the real line such that an interval [a,, b,] is
assigned to each vertex v in G and such that the intervals assigned to two vertices v and
w in G intersect each other if and only if they are joined by an edge in G. Interval graphs
have been studied extensively and can be nicely characterized [1], [3], [4], [5]. They
have important applications to various problems of scheduling, allocation, and
sequencing.

It is natural to try to extend this idea of representing graphs by intersections of
intervals to all graphs. For even some simple graphs, such as the n-cycles C,(n > 3), are
not interval graphs. One approach, taken by Roberts [7], [8], is to go to higher
dimensional intervals: define the boxicity of a graph G to be the smallest integer ¢ such
that G can be represented by the intersections of t-dimensional ‘“‘boxes’” which have
their edges parallel to the coordinate axes. That is, to each vertex v is assigned an
ordered collection of ¢ finite closed intervals

([av,l, bv,l], [av,2’ bv,Z], T, [av,t, bv,t]),

and two vertices v and w are joined by an edge in G if and only if [a,,, b, ;] intersects
[@w.i bw,:]for all i. In these terms, interval graphs are precisely the graphs with boxicity
at most 1.

Here we present a different approach to extending interval representations to all
graphs. We expect that this approach will be useful in dealing with certain scheduling
and allocation problems, such as traffic light assignments [9] and radio frequency
assignments [2]. Rather than going to higher-dimensional intervals, we allow each
vertex to be represented by a collection of several intervals. Define the interval number
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of a graph G, denoted i(G), to be the smallest integer ¢ =0 such that there can be
assigned to each vertex in G a collection of at most ¢ finite closed intervals so that there
is an edge in G between vertices v and w if and only if some interval for v intersects
some interval for w. This definition is due to R. McGuigan [6].

i(G) exists for any graph G: Aninterval representation of G is obtained by taking a
pair of overlapping intervals, one labelled v and the other w, for each edge {v, w}in G.
These pairs of intervals are to be separated from each other. Of course, this construction
will not achieve the value i(Q) in general.

Interval graphs are precisely those graphs with i(G)= 1. Only for graphs with no
edges does i(G) = 0. Complete graphs are interval graphs, so i(K,,)=1. To represent
K,, just stack up n intervals, one per vertex, so that their mutual intersection is
nonempty. The cycles C,, n > 3, are not interval graphs. i(C,) = 2 as the representation
in Fig. 1 shows for C,.

1 2
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Using the Lekkerkerker-Boland forbidden subgraph characterization of interval
graphs [5], itis straightforward to show that for trees T, i(T) = 1 if and only if T contains
no induced subgraphs of the form shown in Fig. 2. Otherwise, i(T)=2. See [10] for
details.

FI1G. 2

Next we consider arbitrary graphs which contain no triangles. We present a simple
proof of a useful lower bound on i(G) given the number of edges and the number of
vertices in G. Here [x] denotes the least integer no smaller than x, and | x | denotes the
integer part of x.

THEOREM 1. Let G be a simple graph on n vertices and e > 0 edges which contains no
Ks. Then i(G)= [(e +1)/nl.

Proof. As e >0, we have i(G) = 1. Suppose we are given an interval representation
I for G which attains the bound i(G), i.e., uses no more than i(G) intervals per vertex.
As G contains no K3, no three intervals in / may share a point. For each edge {v, w}in
G, there must be a stretch of points on the real line where a v-interval overlaps a
w-interval. At the right end of such a stretch, one of the two intervals must end. It
follows that there must be at least e +1 intervals in I. Thus some vertex must be
represented by at least [(e +1)/n] intervals, so that i(G)=[(e+1)/n]. O
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We thus derive a lower bound on the interval numbers of complete bipartite
graphs:
COROLLARY.

[(K) = [ﬂ'—‘il—]
m+n

We have constructed interval representations which show that this lower bound is
actually the correct value of i(K,..) in various special cases. But Trotter and Harary
[10], working independently of us, have proposed the same definition of i(G) and have
come up with a construction for all m and n of interval representations of K,,, , using at
most [(mn +1)/(m + n)] intervals per vertex to show that this lower bound is always the
actual value of i(K,, ).

We have some results on i(G) for complete p-partite graphs with p >2 which we
are currently trying to improve and plan to discuss in another paper.

2. The degree bound. Now we come to the main result of this paper, the
best-possible upper bound on i(G) for graphs G which have degree at most d at each
vertex. Note that an upper bound is what is interesting; the lower bound is just 1 for all
d >0, because i(K,;.1) = 1. The construction following the definition of i (G) established
an upper bound of d on i(G). Here we shall lower this bound to [%(d +1)] and show that
it is actually attained by some graphs. The interval representation to attain this upper
bound is simple to construct for a given graph, and it has some other nice properties. We
apply this result in the next two sections to obtain upper bounds on i{(G) when G has
a given number of vertices or edges. For convenience let d(v) denote the degree of
vertex v.

THEOREM 2. If G is a graph with d = max, d(v) >0, then i(G) = [5(d +1)].

Proof. For any graph G with d as above we must give an interval representation for
G using at most d intervals per vertex in order to prove the theorem. We do this by
induction on the number n of vertices of G using this stronger induction hypothesis:

(*) For any graph G on n vertices and any vertex v in G there is an interval
representation of G in which the leftmost interval is a v-interval and in
which, for each vertex w in G, there are at most [%(d (w)+1)] w-intervals.

An interval [a, b] is leftmost (respectively, rightmost) if for any other interval [c, d] in
the representation, a <c(b>d).

Hypothesis (*) holds trivially for » = 1. So assume that G has n > 1 vertices and
that (*) holds for all graphs on fewer than n vertices. Let v be any vertex in G. We now
construct an interval representation satisfying ().

Suppose first that there is a circuit C; passing through v in G. By circuit we mean a
path which begins and ends at v without repeating edges and without passing through
any vertex twice. Say C; = v, wy, ws, * * -, W, v lists the vertices in C, in order, where
k = 2. Figure 3 shows an interval representation of the edges in C;. Now remove these
edges from G (but not the vertices). Suppose there remains another circuit C, through
v. Then represent each edge in C, using the same idea as for C;, except the v-interval on
the right for C, is used as the v-interval on the left for representing C,. Continue this

wy v

F1G. 3
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procedure of representing and deleting the edges in circuits through » until no more
circuits pass through v.

In the case that there is no such circuit C; passing through v, just put down a single
v-interval. So, in general, if we remove m circuits through v, the number of v-intervals
used is precisely m + 1, and the left-most and rightmost intervals are v-intervals. In
removing these circuits, the degree of each vertex w # v is reduced by twice the number
of w-intervals used in the representation.

If v now belongs to no edges, apply (*) by induction to the rest of G to obtain a
representation which satisfies the degree bound in (%) at each vertex. Otherwise,
suppose that there are p >0 vertices adjacent to v in G, which we call uy, u,, - - -, u,.
Since no circuits pass through v now, the vertices u; lie in distinct components if v is
deleted from G. Let G; be the component containing u;. By induction there is an interval
representation I; of G; in which ; is leftmost and in which the number of intervals for
each vertex is bounded according to (x).

Put I, to the right of the intervals used to represent the circuits of G so that the
leftmost u;-interval in I; overlaps the rightmost v-interval. This represents the edge
{v, u1} and all edges in G;. For p > 1, add [ p/2] additional v-intervals to the right of the
intervals used thus far. Reverse the order of representations I, I4, I, - - - so that there
are intervals for u,, u4, Ue, - - - which are rightmost in their representations. Then insert
the I; in the representation of G so that I is to the left of the leftmost new v-interval, I
is to its right, I, is to left of the second new v-interval, and so on. The extreme u;-interval
in I; should overlap the v-interval. Figure 4 shows the construction. To complete the
construction, represent any remaining edges, by induction on (*), with intervals to the
right of all the other intervals.

Cl C2 Cm 1] 12 13
—_— —_—— —— WS U Uy
v v v v v B
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We have now represented all the edges of G, and no others. A v-interval is
leftmost. By counting the intervals used, it follows that not more than [3(d(w)+1)]

intervals are used for any vertex w in G. Thus () is satisfied, and the theorem is
proven. [

That this bound is best possible follows from this result:
CoROLLARY. For any regular graph G of degree d containing no K3,

i(G)=[3(d+1)].

Proof. Suppose G is a regular graph of degree d containing no K3, and let n be the
number of vertices of G. G has exactly 5nd edges, so by Theorem 1,

i(G)z [Gnd+1)/n] = [3(d +1)],

and this is just the upper bound on i(G) in Theorem 2. O
Two important examples of such graphs are K,; 4 and Q,, the d-dimensional cube.
A strong property of the representation in the proof of Theorem 2 that may be

useful in some applications is that it has depth two: no three intervals overlap on the real
line.

3. The vertex bound. Another extremal problem of interest is this: Among all
graphs G on n vertices, how large can i (G) be? Since d = n — 1, it follows from Theorem
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2 that i(G) = [3n]. As an application of Theorem 2 we present here a nice interval
construction to improve this bound on i(G) to [%n].

THEOREM 3. If G has n vertices, then i(G) = [3n].

Proof. The proof is by induction on n. It is certainly true for n = 3. Now suppose G
has n >3 vertices. We prove i(G) = [3n] in two cases, depending on whether or not G
has a triangle.

First suppose G contains some triangle, on vertices T ={u, v, w}. The intervals
shown in Fig. 5 represent the edges in T and have the additional property that for any
subset of T there is a stretch of the line in which intervals for precisely this subset

F1G. §

overlap. Hence we can represent all edges between T and G — T (the vertices outside
T) using at most one interval per vertex in G — T': For example, if a vertex x in G—T
neighbors u and w, put a small x-interval inside the interval where the u- and
w-intervals overlap, but no v-interval does. At most two intervals are used for each
vertex in T in taking care of all edges involving T. Now, by induction, represent all edges
between vertices in G-T, using at most [3n]—1 intervals per vertex. Place these
intervals away from those involving T to complete the construction.

It remains to consider graphs G with no triangle. By Theorem 2, i(G) = [3n] holds
provided that [3(d + 1)] = [3n], or, equivalently, d =2[3n] — 1. Thus in the remaining
case it suffices to assume that G contains some vertex v of degree at least 3n. Let W be
the set of vertices adjacent to v. There are no edges in W because G has no triangles.
Let X be the set of vertices outside W U {v}. To represent all edges incident on W, take
along interval for each of the vertices in X U {v}, no two intersecting, and for each edge
{w, y}, withw € W and y € X U {v}, put a small w-interval inside the y-interval. (See Fig.
6.) At most 3n intervals are used for each w e W because |X U{v}|=3n. The only
remaining edges involve pairs of vertices in X and can be represented, by induction,
using at most [3|X|] intervals per vertex in X. This represents G with at most [3n]
intervals per vertex. [

Trotter and Harary [10] independently discovered the same [37] bound on i(G).
The construction given here is simpler. How good is this bound? The balanced complete
bipartite graphs, K {,/2/.1»/21, Show that i(G) can get at least as large as [4(n +1)]. This
agrees with [3n] for n <7. At n =7 itis not difficult to prove that {(G) can be at most 2,
so the [3n]-bound is not always best possible. It is natural to conjecture that these
graphs K |,./2) 1n/21 are extremal among all graphs G on n vertices, just as they were for
graphs of maximum degree d. That is, the best possible upper bound on i(G) should be
[(n +1)]. One of us (Griggs) has recently succeeded in showing this, but owing to the
length and complexity of the proof, it will appear elsewhere [13].

4. The edge bound. How large can the interval number of a graph with e edges
get? Theorem 2 can again be applied to give an upper bound.

THEOREM 4. If G has e edges, then i(G) = [Ve].

Proof. The theorem holds trivially if e =1, so assume that G has e >1 edges and
that the theorem holds for all graphs with fewer than e edges. Let k = [Ve]. If d <2k,
then i(G) = k by Theorem 2. So assume that d =2k and let v be a vertex of degree d.
Represent all edges containing v by a long v-interval overlapped by a small w-interval
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for each neighbor w of v (see the v-interval in Fig. 6). This requires at most one interval
per vertex in G. The remaining ¢ —d < (k — 1)* edges in G can be represented using at
most k —1 intervals per vertex by induction. 0

W-intervals Wk-intervals W-intervals
A, e A A
r ) r N ~N
v 1 *2 intervals for edges
in X
F1G. 6

This argument can be refined to obtain the slightly stronger result that i (G) = [Vel.
It can be shown that i(G)=2 for e =9, so this upper bound |e] is not best possible.
The graphs K,,2m, m =1,2,3, - - -, show that {(G) can get at least as large as 1 + [%«/ el.
We conjecture that this is also an upper bound, which would be best possible.

5. Areas requiring further study. Applications will motivate the study of other

problems related to interval numbers. We propose the following:

1. Give a forbidden subgraph characterization of the graphs with interval number
at most k, where k = 2.

2. Interval numbers minimize the maximum number of intervals used for any
vertex in representing G. One could instead seek to minimize the total number
of intervals required in a representation.

3. Representations could be restricted to being of depth at most r by not allowing
any r + 1 intervals to share a point. What can be said about the “depth r interval
number”’?

4. Rather than intervals, one can use circular arcs to represent vertices and ask for
acircular interval number i.(G). This means that we allow a single interval to go
to +00 and come back from —o0, so that (—o0, a]U[b, o0), with a < b, counts as a
single circular interval. i.(C,)=1<i(C,) =2 for n > 3. Graphs with i.(G)=1
are known as circular-arc graphs [11], [12]. What is the behavior of i.(G)?
It should be similar to i(G) since for all graphs, i(G)=i.(G)=i(G)—-1.

Acknowledgments. We are indebted to Fred Roberts for introducing us to interval
graphs and for bringing the work of Trotter and Harary to our attention; to Robert
McGuigan for proposing the study of interval numbers; and to Daniel J. Kleitman for
making some valuable suggestions. This work originated at the NSF-CBMS Regional
Conference in Graph Theory at Colby College, June, 1977.
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ON THE STRUCTURE OF ¢-DESIGNS*
R. L. GRAHAMY, S.-Y. R. LIf AND W.-C. W. LI

Abstract. It is possible to view the combinatorial structures known as (integral) ¢-designs as Z-modules in
a natural way. In this note we introduce a polynomial associated to each such Z-module. Using this
association, we quickly derive explicit bases for the important class of submodules which correspond to the
so-called null-designs.

Introduction. Among the most fundamental (and least understood) types of
combinatorial configurations are the tz-designs [2], [5], [6]. These can be defined as
follows. Let v, k, ¢ and A be positive integers satisfying t = k = v. A t-design S, (¢, k, v) is
a collection % of k-subsets B (called blocks) of a v-set V with the property that every
t-subset of V occurs as a subset of exactly A blocks B € 4. (It is not required that blocks
be distinct.) It follows from this definition that for any i =, the number of blocks of a
t-design which contain a fixed i-subset I of V is exactly

v—i k—1i
g {(320/ G2
independent of I, which implies, in particular, that a necessary condition for existence of
an S, (¢, k, v) is that the expressions in (1) are integers for 1 =i = ¢. In fact, Wilson [6] has
shown that for any ¢ = k = v, this is also a sufficient condition for the existence of an
S (¢, k, v) provided only that A = Ao(¢, k, v) is sufficiently large.
Let M be the free Z-module generated by all the subsets of V'; the elements of M

are all sums ¢ =) y_ cxX, where cx €Z. In this terminology, a ¢-design is just an
element ¢ =}y -, cyY with all cy =0 such that for all ¢-subsets X,

Z CY=A.

YaX

A submodule of M of particular interest is the module N; defined by

Nk={c'eM: Y cX=0andwhen|X|#k,cX=O}.

XcV

The elements of N, are usually called null-designs since they result when the (module)
difference of two #-designs is formed. In principle, if the structure of null-designs can be
sufficiently well understood, then light will be shed on t-designs since any S, (¢, k, v)
differs from a given S, (¢, k, v) by a null-design.

In [2], Graver and Jurkat obtain a generating system for the module N, from a
special construction which they call a “(¢, k)-pod”. In this note we recast the concept of
null-designs in terms of polynomials. From this formulation we reproduce the above
generators in a much simpler way. In fact we show that there are basically only five kinds
of linear dependence among these generators, and thereby produce in Theorem 4 an
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explicit basis for N, described in terms of simple polynomials. In proving this theorem

we use the fact that the (f) by (:) “inclusion” matrix H, ., = (hx,y), with | X|=¢,

|Y|=k and

1 ifXcy,

hxy = {0 otherwise

has full rank. Although this is well known (see [3] for a short proof), we give a new proof
of it by exhibiting an explicit (generalized) inverse for the inclusion matrix.

The polynomial ring. Let Z[xy, - - -, x,,] denote the polynomial ring with v vari-
ables over Z. For o €S,, the group of permutations on {1,2,--:,v}, and f in
Z[x1, - -+, X, ), define the polynomial f” € Z[x,, - - -, x, ] by

fa(xl, T, xv) =f(xo'(1), Y xa'(v))'

We shall say that f is x>-free if every monomial appearing in it is squarefree. With each

multiset & of subsets of V ={1,2, -+, v} we can associate a polynomial fz by
(2) fa= Y Il x
Be®B iecB

If B forms a t-design S, (¢, k, v), then the polynomial fg is a positive integral linear
combination of squarefree monomials of degree k with the property (by (1)) that for all

oS,
(v - t)
t—i
;)
t—i
where ai(xq,- - -, x;) denotes the ith symmetric function of the x;’s. Thus, a null-

design, being the difference of two ¢-designs, is a homogeneous x*-free polynomial g
of degree k satisfying

t
(3) fo-(xly...,xt,l,..',l)=h.go a;.r(xl,...,xt),

(4) 80(x1,"',xt,x,"',x)50

for all o € S,. These g form a Z-module N (in the obvious way) which is free since it is
v

contained in the free Z-module of rank ( K

e xi: IV, |I|=k}.

Generators for null-designs.

THEOREM 1. (Graver-Jurkat). The module N of null-designs is generated over Z by
the collection {¢: o€ S,}, where

) generated (over Z) by all the monomials

G(x1, X)) =(X1—x2)(Xx3—X4) * - - (X2041 = X2042)X2043 * * * Xktes1.

This collection is void whenv=k+tork=t.

Proof. Suppose f is a nonzero null-design. Without loss of generality, we may
assume that the monomial x; - - - x, occurs in f with a nonzero coefficient c. Thus

k
f( ,"',1,0,"',0)=C#0.
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It follows from (4) that k <v—tandv—k <v—t,i.e.,
v=k+t+1 and k=t+1.

In particular, this proves the theorem for the case that v=k+ror k=t 0
We now show that f is generated by the ¢, o € S,. The proof is by induction on ¢
and, for a fixed #, by induction on v. Because f is x*-free, we can write

fln, -, x0) =81, "+, Xp—1) FA(X1, * + +, Xpo1)Xor
For any permutation 7€ S,—; and any values of x,, - - -, x,-1, X, and x, we have
0=Ff"(X1," "+, X1, X, " * , X, Xy)
=g (X1, Xemy Xy X)FRT(XL, Xty Xyt X)X,

and therefore
h" (x4, X1, %, -+, x)=0.
This shows that h is a null-design with parameters (t1—1,k—1,v—1) when t=1. Let
0(xy, - -+, Xom1) =(X1—X2) -+ + (X201 = X20)X2041 * * * Xicr-1-

When ¢ = 1, we may assume by the induction hypothesis on ¢ that 4 is an integral linear
combination of 87, 7€ S,_;. Of course this is also true when ¢ =0. Thus we can write

h(X1, R xu—l) = Z c-ror
‘resv_l
with ¢, € Z. Since v > k + ¢, there exists, for each 7, a variable x(7) # x, not appearing in
0. Therefore 67 (x, —x(7)) is equal to 67 for some o (7)€ S,. Now the polynomial
f= Y ¢ P=g+hx,~Y c.0 (x,—x(7))

T€S,—1

=g+ c.0'x(r)

is a null-design with parameters (¢, k, v — 1), which by induction on v, is an integral linear
combination of the ¢, o € S,—1. This proves the theorem. 0

Note that it follows from Theorem 1 that when v =k +¢, the only null design is
f=0, which in turn implies that the only ¢-designs are the trivial design (the set of all
k-subsets of V) and its multiples. This has previously been pointed out by Wilson [6].
We also remark that a topological proof of the special case of the theorem with k =3,
t =2 has appeared in [4].

A basis for null-designs. Our next task will be to remove the linear dependence
from the set of generators {¢°:0€S,}. Note that this set actually contains

v!/(t+1)(k —t—1)!(v — k —t—1)! elements, substantially more than the (Z) —(1;) we

eventually shall be left with.
There are 5 kinds of linear dependence which will be removed. They are indicated
symbolically as follows: For a <b <c¢ <d, replace
(i) b—a by —(a—b);
(ii) (b—c)a by (a—c)b—(a—b)c;
(iii) (b—c)a by (a—c)—(a—b);
(iv) (a—d)bc by (a—b)c—(a—b)d+(a—c)d—(a—c)b+(a—d)b;
(v) (a—d)(b—c)by (a—c)(b—d)—(a—b)(c—d).
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The meaning of this notation is as follows. If ¢ is of the form (x,1)— Xo(2)) * (=
Xa) ' ** Xo@i+3) * - - With a < b, for example, then using (i) we replace it by —¢” where

a ifa(j)=»,
o'(j)=4b ifo(j)=a,
o(j) otherwise.

In other words, replace ¢ by

—(xa(l)“xa(z)) o (Xg—xp) e Xo@t+3) * " .

In (iii) and (iv) the bar over the variable indicates that the replacement may be made
provided that variable does not already occur in ¢°. Thus, with (iii), for example,

&7 =(Xo) = Xo@) - (Xp—Xc) * - -
is replaced by the two terms
(Xoy=Xe@) =" (Xa—Xc) + -+

_(xcr(l)—xa(2)) et (xa—xb) te

provided x, does not occur in ¢°.

Let S¥,, consist of those o € S, which satisfy:

@) c()<ocB)<:-:-<o(t+1);

b) cR)<oc@)<::-<o(t+2);

© ocRi-1)<oRi),1=si=t+1;

d) oRt+1)<oRt+3)<ot+4)<:--<ok+t+1);

(e oRt+)<ok+t+2)<ok+t+3)<---<o(v);

) If2¢t+3=i=sk+t+1<j=v and 6(i)<o(2t+2) then o(i) <o (j).

By repeatedly applying transformations (i)—(v), we can reduce the set of generators
stated in Theorem 1 to a much smaller collection.

LEMMA 2. The module N is generated by {¢": 7€ S¥..}.

Proof. Because of Theorem 1 and the transformation (i), we need only to consider
the polynomials ¢ with o € S, where

S, ={o €S,: o satisfies the condition (c)}.

To each o € S, we attach three values:

2t+2 k+t+1

A=Y ol B,= Y o)

i=1
and
C,=max{ocRi)—cRi—-1):1=i=t+1}.

Given two elements o, o’ of S}, we say that o’ <o if (A, B,, C,) is smaller than
(A,, B,, C,) according to lexicographic order.

Let o €S}, If none of the four transformations (ii)-(v) can be performed on ¢7,
then reordering the factors (xo1) —X0@)s * * * s (Xo@e+1) —Xo@i+2)) Of @, the factors
Xo@2t+3) " ° * s Xo(k+t+1) of ¢o-’ and the unused variables Xo(k+t+2)s s Xo(v), TESPEC-
tively, by increasing subscript, we see that ¢° =¢" for some 7€ S%, .. If any of the
transformations (ii)-(v) can be performed on ¢7, then it is easy to check that ¢” is a
linear combination of ¢ with o’ € S, and o’ < o. Consequently, ¢ is generated by ¢~
with 7 € Si,k,k,t. 0



12 R. L. GRAHAM, S.-Y. R. LI AND W.-C. W. LI
A more combinatorial way to view S, is to consider it as the set of linear
extensions o of the partial order < on the set{1, - - -, v} shown in Figure 1 which satisfy

(f) (where a linear extension of < means a permutation o € S, such that p < p' implies

a(p)<o(p).
k+t+1 (P PU v

' v—1
2e+4 k+t+3
v—-2
2143 k+t+2 ,
2042 :
2t+1 — 7 5
4
3
2
1
FiG. 1

Let s, denote |S¥, ,|. The value of s, is unexpectedly simple.
THEOREM 3. Forv=zk+t+1,k=t+1,

()9

Proof. The proof will be by induction on v. First, assume v=k+t+1, i.e.,
k = v —t—1.Inthis case, the “tail” of P beginning with k + ¢ + 2 is empty and conditions
(e) and (f) are satisfied vacuously. We consider two cases. Since o is a linear extension of
P, either o(v) =v or o(2t+2)=v. If o(v) =v, then by induction the number of o is
v—1

-1
r 1) - (v ; ) If 0(2¢ +2) = v then again by induction the number of o

So—1,0—t-2,t = (

) v—1 v—1 ) ) ) v
1S Sp—1,0—r-1,-1 = : )7 \21) Since the sum of these two expressions is r+1)”

v . . . C
(t) = §,,0—t—1,» the induction step is complete in this case.

Now, assume v >k +¢+1. For a fixed v, we shall argue by induction on k. As
before we distinguish cases according to the possible values of o~ "(v). In this case there
are three possibilities: v, k+¢+1 or 2¢+2. If o(v) =0, then by induction on v the

-1 -1
number of these o is 5,1 1, = (U K ) - (U ; ) If o(v) = k + ¢+ 1, then by induction on
) v—1 v—1 .
k the number of these o is §,—1 11, = (k _ 1) —( ; ) If o(v) =2t +2, then condition

(f) and the induction hypothesis imply that the number of these o is sy,—1.4--1,1 =

-1 -1
(v ; )—(Ut_ 1). Thus, the sum of these is sv,k,,=<z)-—(lt]) which completes the

induction step. Since (5) obviously holds for v =2, the theorem is proved. 0
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Note that forv =k +¢+1or k =t+1, the mapping o: P> V can be interpreted as
a ““voting sequence” for two candidates A and B [1] with the integers {2, 4, - - -, 2t +2}
denoting votes for A, o(2i) =j indicating that the jth vote cast was the ith vote cast for
A. The requirement that o is a linear extension implies that A never leads B during the

voting. The number of such ¢ is well known to be (t-f 1) - (1:) (see [1]).

Finally, we show that the elements of S, are linearly independent over Z. Let
Zi[x1," -, x,] denote the Z-submodule of Z[xi,-: -, x,] consisting of the homo-
geneous x>-free polynomials of degree i. Consider the linear mapping
H:Z[x1,",x,]>2Z,[x1," -, x,] given by defining

M x)= % Mx
jeJ I<T iel

171=k [1l=t
onabasis of Z,[x;, - - +, x,] and extending % to Zi[x,, - - - , x,] by linearity. It is easy to
see that N =Ker (). Consider the matrix H,,, of # with respect to the basis of
monomials of Z,(xy, -, x,) and Z,(xy, - - -, x;), respectively. H,x, is a (1:) by (z)

matrix with rows indexed by ¢-subsets X of V, columns indexed by k-subsets Y of V and
having as its (X, Y) entry 1 if X = Y and 0 otherwise. For our choice of parameters,
vZzk+t+1and k=¢t+1. Thus, H,, has at least as many columns as rows. Then as

noted earlier, rank (H, ;) = (l:) A direct way to verify this is as follows. Define the (:)

by (1:) matrix H* = (h%.x) indexed by k-subsets Y and z-subsets X of V by taking

gt o CDTk=n 1
X ()Y Xy - x| ( v—t )
Y -X|
Then the (X, X') entry of H,, H* is
_\Y=x1
© (Dh-y y —C—

By partitioning the sum according to the values of |Y —X'|, standard binomial
coeflicient identities show that (6) is equal to 1 if X = X’ and 0 otherwise. Thus,

Hv,k,tH* = I v
(i

where I, denotes the x by x identity matrix. Therefore, the rank of 7 is (l:) and N, being

Ker (%), has dimension (:) - (l;) As an immediate consequence we have:
THEOREM 4. {¢7: o € S¥1.,} forms a basis for N.
Concluding remarks.
1. The form of the value of s, ,, namely, (Ii) - (f) suggests that there may be a

more direct interpretation which would allow one to write this value down at once. If so,
what is it?
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2. In asimilar spirit, one suspects that the inverse of H, ;. given in (6) may be part
of a much more general phenomenon, perhaps involving M&bius inversion. However,
we have not pursued this here.

3. Isitfeasible to search for new z-designs by starting from known (perhaps trivial)
designs and augmenting them by null-designs? We have no computational evidence at
present.

4. Consider the set of all polynomials g € Z[x1, - - -, x,] satisfying (4). These form
an ideal which we denote by I (v, f). Our null-designs are just the x*-free homogeneous
polynomials of degree k in I(v, t). If we were to allow repetitions of elements in the
blocks of B, the corresponding null-designs would consist of all homogeneous poly-
nomials of degree k in I (v, £). It is natural to ask for a set of ideal generators for I (v, t) in
general.

In view of Theorem 1, one would expect that {¢/”: o € S,} generates I(v, t) when
v=2t+2, where

Ylxy, -0, %) =(x1—%x2) "+ * (X2041— X2042).

For general v and ¢ we do the following. Let 7 be a partition of the set {1, - - -, v} into
disjoint subsets V7, - - -, V,_,_; having as nearly equal cardinalities as possible. Define

v—t—1
‘/,‘rr:: H l—I (xi—xi)'
r=1 ijeV,
i<j
One of us (W. Li) has conjectured that these ,, generate the ideal I (v, ¢). This is known
to be true for t =2.

Note added in proof. This conjecture has now been proved by W. Li and R. Li and
will appear in a forthcoming paper.
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ENSEMBLES AND LARGEST SOJOURNS OF RANDOM WALKS*

DANIEL J. KLEITMANY AND KENNETH J. WINSTON¢

Abstract. We investigate the following problem: A particle starts at the origin and makes a random walk
of 2n steps along a line. The steps are either one unit forward or one unit back, with equal probability. The
particle returns to the origin for the kth time at step 2n. What is the distribution in size of the largest of the k
“sojourns’’ between returns to the origin?

Using a technique similar to the introduction of the canonical ensemble in statistical mechanics, we show

that if k = ko= Avn log n, then the probability that there is a sojourn with more than n/(B log n) steps in a
walk returning to the origin for the kth time at step 2n is at least 1 —p~(AVB/m=A%/4=2 _ d4=n/ko Thys for
large n almost all walks have a “big” sojourn (one with at least n/log n steps).

1. Introduction. In the course of investigating the asymptotic behavior of the
number of tournament score sequences, we encountered the following simple problem:

A particle starts at the origin and makes a random walk of 2n steps along aline. The
steps are either one unit forward or one unit back, with equal probability. The particle
returns to the origin for the kth time at step 2n. What is the distribution in size of the
largest of the k “‘sojourns’ between returns to the origin?

In this paper, we show that if kK = Avn logn, then the probability that a walk
returning to the origin for the kth time at step 2n has a sojourn with n/(B log n) or more
steps approaches 1 as n increases (Theorem 3 below is the precise formulation of the
result). We also observe that the probability that a walk returning to the origin at step 2n
has more than AVn log n sojourns is at most n=AY4

Feller investigated a similar problem, and observed that the results ‘“play havoc
with our intuition.” We note below that the average size of a sojourn in a walk returning
to the origin at step 2n is 2\/;177 steps when n is large. Thus we make the counter-
intuitive assertion that almost all walks have a sojourn which is anomalous in that its size
is far from average.

2. Outline of arguments. The number W(n, k) of walks that return to the origin
for the kth time at step 2n is known ([1, p. 76]). We review the formula in Proposition 1
below. We observe in passing that this indicates that the average sojourn in a walk
returning to the origin at step 2n has 2vn/w steps when n is large.

We then consider the quantity S(n, k, z), which is defined as the number of walks
returning to the origin for the kth time at step 2»n and in which there is no sojourn with
2z or more steps. We introduce an ensemble which is the union over all integers m of
the walks counted by S(m, k, z). We compute an upper bound on the size (after an
appropriate normalization) of this ensemble. This upper bound also serves as a bound
on S(n, k, z) (after normalization) for any fixed value of n.

We use this bound to show (in Theorem 1) that when ko= Avnlogn and
zo=n/(B log n), the size of the ratio S(n, ko, zo)/ W(n, ko) decreases exponentially as B
increases.

This establishes the desired result for k =ko=Avnlogn We then prove
(Theorem 2) that the ratio S(n, k, z)/ W(n, k) is a nondecreasing function of k up to an

* Received by the editors December 19, 1978.
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exponentially small error term. This propagates the result of Theorem 1 down to
smaller k, establishing our main result (Theorem 3).

We finally note that the formula for W (n, k) implies that the probability that a walk
returning to the origin at step 2»n has more than Avn log n sojourns is less than n~*"4,

3. Proofs. The random walks we study here are called in the literature unrestricted
one-dimensional symmetric random walks with a return to the origin at step 2n. By a
sojourn of a random walk we mean a set of steps between successive returns to the
origin. Let W(n, k) be the number of walks returning to the origin at step 2n for the kth
time. We will call walks counted by W (n, k) k-sojourn walks,

ProOPOSITION 1. When n and k are integers with 1 =k =n,

k2% 2n—k
W(n’k)=2n—k( n )
Proof. Let
M Puv)= T Wn k)x"

be the generating function enumerating k-sojourn walks.

We can group k-sojourn walks by the size of the initial sojourn. This leads to a
recursive sum:

n—k+1

(2) Wn k)= % W(GE1HWh—ik-1)
i=1

which translates into a generating function identity

(3) Pi(x) =Py (x)Pe—1(x) = (P1(x))~.

2
There are clearly ( n) walks returning to the origin at step 2n. Thus we can use the
n

binomial theorem and (3) to write

4) Y (2")x" =(1—4x)""*=1+Py(x)+Py(x) +- - N S
n=0\ h 1 _Pl(x)
Solving (4) for P;(x) yields
(5) Pi(x)=1-v1—4x.
An application of Lagrange’s inversion formula yields
0 k —_—
©) Pux)=(1-Vi—dnt=y <2 (2” k)x".
n—k2n—k n

([2, pp. 153-4]). This completes the proof of Proposition 1.
We note parenthetically that the average size of a sojourn of a walk returning to the

origin at step 2n is 2vVn/m when n is large: differentiating (4) gives the generating
function identity

(7) 21—4x)*=Pi(x)+ Po(x)+P5(x)+- - - .
Using the umbral relation (3) with (7) yields

—J1—2+
) 1oVI24% b () +2Py(x) +3Ps(x) 4+ - -

1—-4x
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We equate coefficients of x” on the two sides of (8) to obtain

©) 4" _(2:) - £ kWin k).

2 .l
Dividing (9) by ( n) and using Stirling’s formula indicates that for large n the average
n

number of sojourns per 2n-step walk is . Dividing Vmninto 2n shows that when n is
large the average size of a sojourn in a walk returning to the origin at step 2 is on the
order of 2\/;/77.

We now continue with the proof of our main result. Let S* be the set of all walks
returning to the origin after exactly k sojourns; S* is thus the union over all m of the
walks counted by W(m, k). Let S * be the subset of S* consisting of walks all of whose
sojourns have less than 2z steps. We let S(n, k, z) be the number of 2n-step walks in S~.

We will consider the sets introduced in the previous paragraph as weighted
ensembles in which walks with 2n steps are weighted by a factor of 4 ". We will change
the S’s to E’s when the sets are considered as weighted ensembles; thus E* denotes S*
considered in this way. For any weighted ensemble E we let |E| denote the sum of the
weighted sizes of all members of E.

Note that the ensembles we have just introduced are similar to those of statistical
mechanics. The ensemble E* is similar to the canonical ensemble; the walks counted by
S(n, k, z) are similar (after normalization) to the microcanonical ensemble. Here the
size |E| of an ensemble corresponds to the number of states satisfying the parameters of
the ensemble.

THEOREM 1. Let k =Avnlogn and zo=n/(B logn), where ko, zo and n are
integers with 1 = ko, zo = n. Then the probability that there is no sojourn with 2z, or more
steps in a random walk returning to the origin for the koth time at step 2n decreases
exponentially with decreasing zo and increasing n. Specifically,

S(n, ko, Zo) —(AVB/m—A2/4-2)
0 ot~ .
W(n’ kO) "

Proof. If we set x =% in (5), we see that |[E'| = 1. From Proposition 1 and Stirling’s
formula, we have

om 247" 2m—1 1
(10) Wm, D47 === (" )>m.
Thus we have
11 |E}=|E *22 W(m, )4 <1 —2%7_7]:0 m= dm <1 —%.
We can bound |E¥| by raising (11) to the kth power:
(12) ]E',‘I=|E§|k<(1—L>k<exp(_—k).

Vaz Vaz
But Proposition 1 and Stirling’s formula yield the inequality
(13) W n, k)4~ >—— exp(_k2(1 +O(k/n))).
2V mn®? 4n

Note that S(n, k, z)4™" counts a component of E¥, so |E¥| is larger than S(n, k, z)4™".
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Hence, dividing (12) by (13) gives the inequality

S(n, k,z) 2vmn>"? K2k
< xp( )

Wn, k) k an s

when the O(k/n) term is negligible in (13). Using the values of ko and z, given in the
hypothesis of the theorem with inequality (14), we obtain the bound

(14)

S(n, ko, z0) 2 T _(AVB/m—A2/4—1)
15 <— .
(15) Win, ko) A Viegn'

This is a lower bound on A implied by ko = 1; using this bound with (15) completes the
proof of Theorem 1.

As n increases (and the A and B of Theorem 1 stay fixed), the proportion
S(n, ko, zo)/ W (n, ko) of walks with small sojourns becomes smaller if B is sufficiently
large compared to A. Unfortunately, the bound given by (14) provides no information
for k and z which are not near ko and zo.

We now show that the ratio S(n, k, z)/ W(n, k) is a nondecreasing function of k up
to a small correction. This will propagate the result of Theorem 1 down to smaller k.

THEOREM 2. The probability that a random walk returning to the origin for the kth
time at step 2n has no sojourn of size 2z or more is (up to a correction that decays
exponentially with decreasing k) nondecreasing in k. Specifically,

S(n, k,z) S(mk—-1,z)_  —k’z
Wn k) W(nk-1) ~ W(n/k],1)

Proof. Set P(n, k, z)=8(n, k, z+1)—8S(n, k, z). This means that P(n, k, z) counts
walks returning to the origin for the kth time at step 2n and in which the biggest sojourn
has exactly 2z steps. We will show first that the difference D(n, k, z)=
P(n, k,z)/k—P(n, k—1, z)/(k —1) is small in magnitude.

Number the W(z, 1) sojourns with 2z steps from 1 to W(z, 1) in some way. We
introduce a fourth argument to the functions P and S by using this numbering as
follows: S(n, k, z, i) is the number of walks counted by S(n, k, z+1) in which the
sojourns with 2z steps (if any) are numbered less than i. P(n, k, z, i) isthen S(n, k, z, i +
1)—S(n, k, z, i) (note that S(n, k, z, 1)=S(n, k, z)). The introduction of this fourth
argument has the effect of allowing us to graduate more finely the introduction of 2z
step sojourns into the pool of allowable sojourns.

P(n, k, z, i) satisfies the following identity:

>—n347"k,

z—1
P(n,k,z,i)=Y W(,DP(n—j,k—1,z,i-1)
i=1

(16)
+(i—-1D)Pn—z,k—1,z,i)+Sn—2z, k-1, z,i+1).

The index j is the size of the initial sojourn as in (2); the terms outside the sum
correspond to walks beginning with a 2z step sojourn.

Consider the last term of (16); S(n —z, k —1, z, i + 1) counts those walks counted
by P(n, k, z, i) in which the initial sojourn is the 2z step sojourn numbered i. Cyclic
rotation of the order of the k sojourns in such walks will produce all walks enumerated
by P(n, k, z, i) at least once. In fact, the only duplication occurs when there are two or
more instances of the 2z step sojourns numbered i in the walk; we can thus write

P(n, k, z, i)

a7 0=S(n—2z2,k—1,z,i+1)— X

=Pn—-2z,k—1,2,i).
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Define D(n, k, z,i)=P(n, k, z,i)/k —P(n, k —1, z,i)/(k —1). Then a calculation
with (16) and (17) yields

z—-1
D(n,k,z,i)z ¥ W(j,1)D(n—j, k—1,2z,i)
ji=1

(18)
Pn—z,k-2,2zi)

k-2
We now prove by induction on n that D(n, k, z) =—kW(n, k)/ W(z, 1). A verification

shows that the induction hypothesis is true for all values of k and z when »n is small.
Summing (18) over i (from 1 to W(z, 1)) yields

+(i-1)Dn—-2z,k—-1,z,i)—

z—1
D(n9 k9 Z)g Z W(i’ 1)D(n _j9 k_19 Z)
i=1

(19)

W(z,1) _ B
+ X (i—l)D(n—z,k_l’Z’i)_P(n ;,kz 2,2)
i=1 _

An application of the induction hypothesis and (2) produces the desired lower bound
for D(n, k, z):

—(k—-1)W(n-j, k —1)__ Wi(n, k)
W(z, 1) W(z, 1)

D(n, k,z)z ¥ W(j,1)
j=1
20) ’
- —kW(n, k)
W(z,1)
Now note that S(n, k, z) is zero if z is less than (n + k)/ k. This is because each of the

k sojourns in walks counted by S(n, k, z) can have at most 2(z —1) steps. From this
observation and the definition of D (n, k, z) it is clear that we can form a telescoping sum

S(n, k, z)_S(n, k—1,2z2)
k k—1 )

We can apply (20) to each term on the left-hand side of (21). This gives a lower
bound for the right-hand side:

S(n, k, z)_S(n, k-1, z)>__ kzW(n, k)

(21) D(n,k,z—1)+D(n, k,z—2)+---+D(n, k,n/k)=

@2) k k-1 = W(ln/k],1)
A calculation shows that
S(n k,z) _ kW(n k—1) S(nk—1,z)  k’z
23) W(n, k)  (k—1)W(n, k) Wn k—-1) W(|ln/k],1)
_Snk-1,2z) k*z

T~ W k-1 W(|n/k],1)

This (along with (10)) completes the proof of the theorem, where we overestimate z and
k by n for use with the error term.

We conjecture that S(n, k, z)/ W(n, k) is actually nondecreasing in k. Intuitively,
the truth of this conjecture would mean that the probability that a walk is composed of
small sojourns increases monotonically as there are more sojourns. This seems intui-

tively clear, but finding a rigorous proof (without the error term we have used) seems to
be difficult.
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In any case, the correction that now appears on the right-hand side of Theorem 2 is
small when » is large and k = ko = Avn log n. Note that this correction is decreasing
(in magnitude) in k. If m is less than ko, we can form a telescoping sum of the differences
on the left-hand side of the statement of Theorem 2 to obtain the difference
S(n, ko, z)/ W(n, ko) —S(n, m, z)/ W(n, m). Thus the following inequality holds:

S(n, kO, Z)_S(n, m, Z) _ a4 —n/ky
@4 Wi k) Wmm) o "t

This allows us to state our main result:
THEOREM 3. Let ko=AvVnlogn and zo=n/(B logn), where ko, zo and n are
integers with 1 = ko, zo=n. Let k be an integer, 1 =k = ko. Then the probability that there

is a sojourn with 2z, or more steps in a walk returning to the origin for the kth time at step
2n is at least

1- n—(As/B/fr—-A2/4~—2) —n*4 ko,

2
We finally show that the proportion of the ( nn) walks returning to the origin at step

2n that have more than Avn log n sojourns is less than n~*4,
Note that if we define

(25) fulm)= 3 W, k)
f.(m) is a decreasing function of m with f,,(1) = (Znn) f.(m) is (by (4)) the coefficient of
x" in

P (x)
1-Pi(x)

From ([2, p. 154]) and Stirling’s formula we obtain

o () (N EE el ),
Thus

(28) fuavmiogn) [(2) <n 2.

(26) =P (x)+PT " (x)+- -+ =Pp(x) + Prsa(x)+- - - .
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A GROUP TESTING PROBLEM*
GERARD J. CHANGt anD F. K. HWANG#

Abstract. Suppose we have two disjoint sets of items of cardinalities m and n where each set contains
exactly one defective item. A group test is a simultaneous test on an arbitrary group of items with two possible
outcomes: The group is identified as good if it contains no defective items; otherwise it is identified as
defective. The problem is to find the two defective items with a worst-case minimum number of (group) tests.
The first question is whether there is anything to be gained by considering the two sets together. The answer is
asomewhat surprising “‘yes.” The second question is this: Since there are mn possible pairs of defective items,
can we always solve the problem with [log, mn] tests—the information-theoretic lower bound where [x]
denotes the smallest integer not less than x. We conjecture that the answer is yes again and we provide partial
evidence in favor of this conjecture. We also discuss several other related problems.

1. Introduction. Suppose we have two disjoint sets of items M ={M;, - - - , M,,.}
and N ={Ny, - - -, N,} where exactly one of the items in each set is defective and the
others are good. A group test is a simultaneous test on an arbitrary group of items with
two possible outcomes. The group is identified as good if it contains no defective item;
otherwise the group is identified as defective but the test does not reveal how many or
which ones are defective. The problem is to identify the two defective items with a
worst-case minimum number of (group) tests. We will call such a problem with
parameters m and n an (m, n) problem.

By using the halving (binary search) method [2], we can identify the defective item
in M in [log, m] tests where [x] is defined as the smallest integer not less than x.
Similarly we can identify the defective itemin N in[log, n]tests. However, there are mn
possible pairs for the two defective items. Therefore, the information-theoretic lower
bound for the number of tests is [log, mn ] which never exceeds [log, m]+[log; n]andis
sometimes less. The question is: ‘‘Can the information-theoretic lower bound always be
achieved?”

In other similar types of problems such as sorting, merging, searching etc., the
general rule seems to be that the information-theoretic lower bound cannot be achieved
except in special cases. In the present problem, one might also suspect that since M and
N are disjoint and we have exact information on both sets, maybe nothing can be gained
by pooling the two problems together. The latter illusion can be easily dispelled by the
following example in which M = {M;, M,, M3} and N ={N;, N, N3, N4, Ns}. We first
test {M;}U{N}. If that group is good, then we can find out one defective item in
M —{M}in one test, and the other defective item in N — {N} in two tests. If {M1} U{N;}
is defective, we test N next. If N is good, we can decide M, is a defective item, and we
find out the other defective in N —{N;} in two tests. If N is defective, we find out the
other defective in M in at most two tests. In any case, four tests suffice although
[log; 3]+[log, 5]=5.

Although the above special procedure cannot be readily generalized to deal with
all values of m and n, we conjecture that the information-theoretic lower bound can be
achieved for all m and n. We call a positive integer m favorable if for any n, the number
of tests required for the (m, n) problem is [log; mn]. In the paper, we show that an
infinite number of m are favorable. In particular, this set includes all m = 10.

* Received by the editors March 8, 1979, and in revised form May 2, 1979.
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2. The main results. A group testing algorithm for the (m, n) problem can be
represented by a rooted binary tree (see [2] for notation) where a test is associated with
every internal node and the two links of that node represent the two outcomes ‘““good”
and ‘“‘defective”. Therefore a test sequence is represented by a path of the tree, and the
two defective items identified by the test sequence are associated with the terminal node
at the end of the path. The number of tests for that particular sequence is clearly just the
length of the corresponding path. We will call the path on which all groups tested are
defective the all-defective path.

Let ¢t(m, n) denote the worst-case minimum number of tests required for the (m, n)
problem. We first note an obvious monotonicity property of t(m, n).

LEMMA 1. t(m+1, n)=t(m, n).

Proof. The proof is straightforward.

Let m be an odd positive integer. Then we have

LEMMA 2. There exists positive integers p and q such that mp =2%—1.

Proof. Since m and 2 are relatively prime, there exists a positive integer q such that

9=1 (mod m),

from which Lemma 2 follows immediately.

Define s(m, n) to be 1 if mn + 1 is not a power of 2, or if mn + 1 is a power of 2, but
the length of the all-defective path is exactly one unit shorter than every other path.
Otherwise define s(m, n) to be 0.

THEOREM 1. Let m be an odd positive integer and let p and q be two positive integers
satisfyingmp =2%—1. Thens(m, n) =1 and t(m, n) =[log, mnlforn=1,- - -, p, imply
s(m, n)=1 and t(m, n) =[log, mn] for all n.

Proof. Suppose n > p and 27! < mn <2* for some k. If n = p2*~ then we can use
the halving procedure on Nk —q times and the remaining problem is (m, n') where
n'=p. By our assumptions, t(m, n')=t(m, p) =q. Therefore t(m,n)=k—q+q==k.
Furthermore, s(m, n) =1 since

mn=mp2*1=2F-2%9<2k 1.
Hence we assume that

n=p2%+r wherer=1.

From
mn =mp2* T+ mr =25 -2+ mr <2,
we obtain
mr <2571,
Partition N into p groups of 2“"? items G4, - - -, G, and one group of r items Go.

Let F be an algorithm for the (m, p) problem achieving the information-theoretic lower
bound. Let F' be obtained from F by replacing N; by G;forj=1, - - -, p, and adding G,
to every group tested on the all-defective path. Associated with every terminal node of
A, except the one in the all-defective path, is a set of pairs M; X G;, where M, is the
defective item in M already identified, and G; is a subset of N known to contain a
defective item. Since the size of G; is 2“79, k —q more tests suffice to identify the
defective item in N. Associated with the terminal node on the all-defective path is the
union of two disjoint sets of pairs. The first set consists of pairs in M; X G; while the
second set consists of pairs in M X Gy. It takes one more test, for example, testing Gy, to
separate these two sets. However, since the all-defective path is the short path by the
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assumption s(m, p) = 1, only g tests will have been used after the separation. We have
already shown that the M; X G; case can be solved in k —q more tests. Now the M X G,
case, actually an (m, r) problem, can also be solved in k — g more tests by the induction
assumptions since mr <2"7% Furthermore, if mr+1is a power of 2, then again by the
induction assumptions there exists an algorithm for the (m, r) problem such that
s(m, r)=1 and t(m, r) =[log, mr]. However, mn +1 is a power of 2 only if mr+1 is.
Therefore s(m, n) = 1. The proof is complete.

THEOREM 2. If m is odd and favorable and s(m, n)=1 for all n, then 2'm is
favorable and s(2'm, n)=1 foralln forr=1,2,---.

Proof. Apply the halving procedure on Mr times and then use Theorem 1.

THEOREM 3. m is favorable and s(m, n) =1 forallnifm =2 -1 fork=1,2,- - -.

Proof. Consider the (m, 1) problem. By applying the halving procedure in the
special manner that whenever the size of the current group is 2/ —1, we test a group of
size 2°"'—1, it can be easily verified that s(m,1)=1 and ¢(m, 1)=k. Now apply
Theorem 1 with p =1 to obtain Theorem 3.

THEOREM 4. m is favorable and s(m, n) =1 for all n if

() m=2*-1)/3,k=1,2,---.

() m=2*-1)/5,k=1,2,---.

(i) m=2°*-1)/7, k=1,2,---.

(iv) m=Q2%-1)/9,k=1,2,---.

Proof. (i) From Theorems 2 and 3, for 1 =m = 3, m isfavorable and s(m, n) =1 for
all m. Now apply Theorem 1 with p = 3.

(i) From Theorems 2, 3 and 4(i), for 1 =m =5, m is favorable and s(m, n) = 1 for
all n. Now apply Theorem 1 with p =5.

(iii) and (iv) are proved along similar lines.

CoOROLLARY. For 1 =m =10, m is favorable and s(m, n) =1 for all n.

3. Some other related problems. One way to look at the (m, n) problem is to
consider an m X n matrix where row i represents the item M,, column j represents the
item N, and cell C;; represents the answer that M; and N; are the two defective items. A
test on the group of items M;,, - - - , M, Nj, - - -, Nj, corresponds to a selection of rows
i1, -, iy and columns jy, - - -, j,. A selection partitions the cells into two groups, those
in the selection and those not, just as a test partitions the possible answers into two
groups. Therefore, the existence of an algorithm achieving the information-theoretic
lower bound implies that every selection which corresponds to a test in the algorithm
must partition the cells in the current group into two groups whose sizes are not
separated by a power of 2. Since the current group is not necessarily in the shape of a
matrix after the first selection, one must consider a more general framework to permit
an induction proof.

Consider an r X ¢ matrix with exactly 2% = rc entries of ““1” and the rest “0”". If for
any distribution of the ‘1’ entries in the matrix, we could always find a selection such
that the number of ““1”’ entries in the selection is exactly 2", then we would have
proved the group testing conjecture. This is because that we can imbed the original
m X n matrix (filled with ‘1’’ entries) in the r X ¢ matrix and add enough ‘1"’ entries
elsewhere to make the total number of “1” entries 2* (assuming 2~ ' <mn =2").
Whether such a selection always exists is unknown at present. Note that if we start with
2k entries of 1 and ask whether there always exists a selection partitioning it into k and
k, then a counterexample (provided by T. H. Foregger) is readily available. The
counterexample has parameters m =5, n =9 and 2k = 44, namely, there is a single cell
with entry ““0”. Since the cells not in the first selection can always form a rectangle by
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rearranging rows and columns, and there exists no rectangle containing either 22 or 23
cells, the first selection for an even partition is impossible. The attempt to find a
counterexample for the 2* case along similar lines has not been successful. In fact,
Foregger and Odlyzko [1] have shown that no such counterexample can exist if the
number of ‘“0”” entries is less than 6. (J. Spencer suggests that this matrix problem can be
formulated in the terminology of graph theory. Namely, the problem is to decide
whether a bipartite graph with 2“ edges can always be decomposed into two induced
subgraphs with 27" edges each.)

Another question raised is this: Suppose we have k sets Ny, - - -, Nj. with cardinal-

ities ny, * + -, nk, and each set contains exactly one defective item. Does there always
exist an algorithm lflchieving the information-theoretic lower bound? (i.e.
t(ny, -+ -, m)=[log, [1;_, n:]). The answer is easily seen to be in the negative by the

counterexample k = 3, n, = n, =3 and n; = 7. It can be readily verified that there exists
no test which partitions 3X3x7 into 31 and 32. The fact that the group testing

conjecture can only possibly be true for the two-set case makes it even more
fascinating.

REFERENCES

[1] T. H. FOREGGER AND A. D. ODLYZKO, Private communication.

[2] D. E. KNUTH, The Art of Computing, vol. 3, Sorting and Searching, Addison-Wesley, Reading, MA,
1973.



SIAM J. ALG. DISC. METH. © 1980 Society for Industrial and Applied Mathematics
Vol. 1, No. 1, March 1980 0196-5212/80/0101-0005 $01.00/0

ON THE ORDER OF RANDOM CHANNEL NETWORKS*
A. MEIRt, J. W. MOONt AND J. R. POUNDERY

Abstract. The order of a stream with no tributaries is defined to be 1. In general, when two streams of
orders a and B flow together, the larger stream thus produced has order max {a, B} or « + 1, according as
a # 3 or a = B. The order () of a river network /'is the order of the highest ordered stream in .#. Our object is
to investigate the distribution of () for random networks with n sources. It follows from our results that the
distribution of Q is very highly concentrated about 1+3 log, n.

1. Introduction. Consider an idealized river network that contains no lakes, no
islands, and no junctions of more than two streams at the same place. The structure of
such a river network lying upstream from a given nonjunction point may be represented
by a trivalent planted tree (see, e.g.,[3, p. 161]or [5, p. 67]). Itis customary to call such a
tree a channel network in this context (see [8] or [9]). The root of the tree, or the outlet of
the network, corresponds to the point furthest downstream in the portion of the river
being considered, and the other nodes of degree one, or sources, correspond to the
points furthest upstream.

More formally, a channel network may be defined recursively as follows. The
trivial network consists of a single edge joining a source node to an outlet node. Any
nontrivial network may be constructed by identifying the outlets of an ordered pair of
smaller networks, £ and &, with one end of a new edge whose other end serves as the
outlet of the network A thus formed; the subnetworks ¥ and R are the main branches
of . Two channel networks are considered the same if and only if they have the same
ordered pair of main branches.

Horton [6] (see also [7, p. 12]) introduced the order Q = Q(N) of a channel network
N as a parameter that provides a measure of the complexity of &. If & is the trivial
network then Q(A) =1, and if ¥ is a nontrivial network with main branches £ and &,

then
max {Q(F), UR)}, if UL)#QUR),
QL) +1, if QL) =QR).

For example, the networks in Fig. 1 have order two and three (the outlets are the nodes
at the bottom).

QW) = {

0=2 =3
F1G. 1

Several authors have compared various statistical properties of river networks
arising in nature with the corresponding properties of random channel networks and
concluded that certain properties of river networks could be deduced from the

* Received by the editors April 9, 1979, and in revised form June 1, 1979. This work was supported by
the National Research Council of Canada.
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hypothesis that the networks developed randomly; see, e.g., [9] and [10] and the
references contained therein. In particular, Shreve [8] generated the numerical values
of the probabilities p(n, k) that a random channel network with »n sources has order k
for selected values of » up to 100, among other things. He concluded, on the basis of this
numerical data, that the maximum value of p(n, k) for a given value of n occurs for that
value of k for which n'/*™" is closest to 4.

Our object here is to investigate the distribution of () for channel networks & with
n sources. In § 2 we derive an explicit formula for p(n, k) which we use in § 3 to
determine the limiting behavior of p(n, k) for large k and »n. The distribution of Q is very
highly concentrated; in fact, the probability that ) is one of three particular consecutive
values is at least .999 when n is large. If E{Q} denotes the expected values of Q) for
networks with n sources, then it follows from our results in § 4 that E{Q}=
3loga n+0O(1) as n > 0.

2. Formulae for p(n, k). Let y, denote the number of channel networks & with n
sources. The generating function

y=y(x) =§ Yax"
satisfies the relation
(2.1) y(x)=x+y*(x),

since y; =1 and the number of sources in any nontrivial network A equals the sum of
the number of sources in its two main branches. It follows from this relation that

x(2n—-1\ x"
(2.2) y(x)=%(1—(1-4x)”2)=z(” ) LRSSV I P 3 U
1

n /2n-1
a familiar result going back to Cayley [1]. We shall also need the fact that
m ® 2n—-m\ x"
(2.3) yrx)=m ¥ ( )
n=m n 2n—m
for m=1, 2, ; this may readily be deduced from (2.1) with the aid of Lagrange’s

inversion formula.

If f(n, k) =p(n, k)y, denotes the number of channel networks & of order k with n
sources, let

fe=felx)= £ fln k)x"

fork =1, 2, -.Thefollowing result is the generating-function version of a recurrence
relation Shreve [8, p. 29] gave for the numbers f(n, k).
LeEmMA 1. fi=x and

(2.4) fo=fir +2fi(fit+fot - +fic1) fork=2,3,---.

Proof. The trivial network is the only network of order 1 so f; =x. When k=2 it
follows from the definition of the order of a network that the networks of order k may
be partitioned into two disjoint classes, namely, those in which both main branches have
order k —1, and those in which one of the main branches has order k and the other has
order at most k—1. The two expressions in the right hand side of (2.4) are the
generating functions for these two classes, respectively.
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We now solve relation (2.4) for fi (x). It will be convenient to let fo(x) = x /250 that
relation (2.4) will hold for k =1.
THEOREM 1. If k =0, then for x #0

2.5) filx) = x'/? sin 6/sin 2%6,

where cos 6 =3x /2.

Proof. It follows from relation (2.4) that fi (x) # 0 for x # 0. Hence for x #0
L=fii/fi+2(fi+fat - +fim1)
if k = 1. When we subtract this equation from the equation obtained from it by replacing
k with k +1, we find that
fil fers+2fi = fees/foo
or that

fil ferr+2=(fio1/fe).

Thus the functions r. = fi/2fi+1 satisfy the relations ro=3x""" and
(2.6) 14% =2ri_1 -1

for k=1 and x #0.
Recall that cos2¢ =2 cos® ¢ —1 for any ¢, real or complex. If we define the

complex variable 8 = §(x) for x # 0 by
§=—i-log (x"'?y),
where, for definiteness, i6(x) <0 for x >0, then ¢ = x—my and by (2.1)

-1/2 1/

cos 6 =3(x "2y +x 2y Y =4x"2 =,

Hence it follows from (2.6) that
re =cos 26
for k = 0. We further recall that sin 2¢ = 2 sin ¢ cos ¢. Hence, if s, =sin 26, then

Sk = 28k—1"c—1= Sk—1fu-1/fx
for k=1, and

Skfi =Sk—1fe-1="+"= s0f0=xl/2 sin 6

for k =0. Therefore,
fe =x""?sin 6/sin 2%6,

as required.

We adopt the notational convention that (z)o=1 and that (z);=
z(z=1), -, (z—j+ 1D forj=1,2, - -.

CoROLLARY 1. If k=1, then

@.7) p(n, k) =2 £ (2~ n)m)y/(n +),

where j = (27 +1)2*"" and the summation is over r=0,1, - - - .
Proof. Since

i0 -1/2
e =x"1?y,
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we have
sin  =3i(e " —e”) = %ix_lﬂ(x/y —-y)= 3ix V21 —2y),
where we have appealed again to (2.1). Hence,
f=x""?sin §/sin 2*9

=(1-2y) exp (i20){1 —exp (2" 6)} "
=(1_2y) Z (x—1/2y)(2-r+1)2k‘
=0

We may use (2.3) to collect the coefficient of x" in this last expression; if we then divide
by y,. we obtain formula (2.7) after some cancellations.
COROLLARY 2. If k=2, then

2k—1-1

(2.8) fin, k)=4"-27% ¥ (=1)7" cos® % (jmr/2") sin® (jm/2").
j=1

Proof. We recall that the Chebyshev polynomials U, (z) of the second kind may be
defined (see [11, p. 3]) by the relation

U,(z) =sin (n +1)6/sin 6,
where z = cos 6. It follows from (2.5), therefore, that
(2.9) fe={2zUx_4(2)} 7,
where z =cos 6 =3x V2.

The zeros of the function U(z)/z = U,x_1(z)/z are located at the points z; and —z;
where

(2.10) zj=cos (jm/2")

for 1 =j=2%""—1. Thus when we expand in partial fractions we find that

-1 ¢7?
Z/U@)= ¥ 705

j=1 2 —Z;j

2k—1-1

= Zﬁ

i

2¢; 3 (zi/2)*™,
m=1

where

(2.11) ¢ ={U'(zp)} ' = (=127 sin® (jm/25).

Consequently, (2.9) may be rewritten as

2k-1-1

[s o)
fi= X 27 Y gzl
=2 i=1

] 2k—-1—-1
=Y @x)" ¥ czi"?
n=2 i=1
since z 7% =4x. This proves formula (2.8), in view of relations (2.10) and (2.11).
We remark that it follows from formula (2.8) that

f(n, k)~4"27% cos®" 2 (m/2%) sin® (7/2")
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if 4“/n -0 as n - 0. Consequently,

p(n, k) =f(n, k)yn* ~4m'*27"n3"% cos® 2 (m/2") sin® (m/2")

~12,, 7324771 For example,

if 4/n -0, since y, ~
f(n,3) ~%‘n’1/2n3/2{%(1 +2—1/2)}n—1
as n -0, Furthermore, if 4“2~ - 0 and 4*n ™"/ oo, then
p(n, k) ~4p3I287 K32 g N 4k
as n > o0,

3. The behavior of p(n, k) for large n and k. In what follows we shall write Y’
instead of Y, when the index of summation takes on only odd values.

THEOREM 2. IfR = 4 /n > tas n, k >0, where t is any positive number, then

lim p(n, k)=23' Qvit—-1) e

Proof. It follows from Corollary 1 that
p(n, k)=2%"a,(n, k),

where
(n)i
au(n,k)z(ZVzR—l)-———‘—
(n+j),
and j = »2*"". Now,
(3.1) e"z/‘"‘f)§(1~i)i< (")f é(l— j.>i_<.=e"'2/‘"*"’
n (n+j), n+j

when 1 =j=n. Consequently
llimoo a,(n, k)=02v*t—1) e
for each fixed v if R>t.
It follows from the upper bound in (3.1) that
la,(n, k)|=2v°R +1) e "R

for all v, n, and k. If, as we may suppose, n and k are sufficiently large, then R >3t. The
function 2z +1) e M7 4¢ decreasing when z >3 so

la,(n, k)|= (2t +1) e/

when »*>3/t. The series Y’ (v*t+1) g /P converges for any positive ¢; hence, we
may appeal to Tannery’s theorem [4, p. 136] and conclude that

lim p(n, k)=2Y' lim a,(n, k)=2Y 2v%t—1)e ™"
n,k—>00 p nk—>c0 v
Moreover, the convergence of p(n, k) to its limit is uniform for ¢ = §, where § is any fixed
positive number.

Similarly, if P(n, k) =p(n, k) +p(n, k +1)+- - -, then

lim P(n,k)=2 % @v'1-1)e ™ =1-4n"2¥2 § »2 7"
n,k—>co v=1
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if R >t for any positive ¢. The second expression for the limit follows from the first by
Jacobi’s identity for the theta-function [2, p. 11]. Some values of the function g(t) =
2% 2%t -1) exp (—v?%f) are given in Table 1.

TABLE 1
t 2@ g(t) g(40)

75 .00020 .50163 49787
1.00 .00361 73995 25641
1.25 .01864 .86007 12128
1.50 .05287 .89259 .05453
1.75 .10741 .86887 .02370
2.00 17792 .81201 .01006
2.25 25800 73779 .00419
2.50 34157 .65668 .00172
2.75 42387 57535 .00070
3.00 .50163 49787 .00028

The maximum value of p(n, k) for a given value of n, and the value of k at which the
maximum occurs, depend not so much on the magnitude of #, as such, as on the relative
position of n with respect to the powers of 4. For each integer » there is a unique integer
K = K (n) such that

341

-=

4

i.e., K =1+[3log, (3n)]. We see from Table 1 that if » is large and 4%~ /n is close to 3
then p(n, k) is close to g(%), or .89 approximately. If, however, n is large and 4% n s
close to 3, then p(n, K) and p(n, K + 1) are close to g(3) and g(3), respectively, and hence
both probabilities are close to 3. Similarly, if 4~!/n is close to 3, then p(n, K —1) and
p(n, K) are both close to 3. For example, if n =43 then K =4 and 4%71/n =1.488; the
actual value of p(43, 4) is .900, by formula (2.7). If n =85, then K is still 4 but now
4%71/n = 7529; the values of p(85, 4) and p(85, 5) are .505 and .494, respectively.

In general, K will be the most likely value of Qif 4% ™! /n is not too close to 3 or 3; in
these extreme cases K + 1 or K — 1 (but not both) could be at least as likely. (One could
attempt to remove this slight ambiguity by defining K to be the integer such that
a=4%"'/n <4a, where a =.748 - - - is the solution of the equation g(a) = g(4a); but
there seems to be little gained by this in view of the difference between p(n, k) and
g(4*7'/n) for particular values of n and k.)

We see that for most values of n at least one-half the networks & with n sources
will have the same value of 2, namely K, and that the actual proportion may be
considerably larger. As further indications of how concentrated the distribution of ) is,
we observe that it follows from Theorem 3 and some numerical calculations that

min {p(n, K —1)+p(n, K), p(n, K)+p(n, K +1)}>.945

<3,

and

p(n, K —1)+p(n, K)+p(n, K +1)>.999

when n =100 and for all sufficiently large values of n.
Shreve [8, p. 31] has suggested that the maximum value of p(n, k) for fixed n occurs
at that value of k for which n'/*~" is closest to 4. This is frequently the case, but not
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always; for example, 100"/% = 4.64 is closer to 4 than is 100"* = 3.16, but
p(100, 4) =.36056 <p(100, 5) =.63819.

It is true, however, that if E{B} denotes the expected value of the geometric mean
bifurcation ratio B =n V@D 4t a network N with n sources and order Q) (see [8, p.21)),
then E{B} -4 as n »00. We shall omit the proof of this.

4. The moments of 2. We have seen that the distribution of the order () of a
random network A" with n sources is highly concentrated about K = 1+[3 log, (3n)]. It
is not unreasonable, therefore, to suspect that the expected value E{Q} of () is close to

1+3 log, n. We shall show that the absolute moments of ) about 1 +3 log, n are in fact
bounded.

THEOREM 3. If s is any fixed positive integer, then

E{Q~3log n—1[}=0(1)
as n - co.

Since
Be*)=3 P Bix)

for any nonnegative random variable X it will suffice to show that
4.1) Ef4/0"/2leenIh = 0(1)

as n >0, Before proving relation (4.1) we establish two lemmas.
LEMMA 2. If 4“7 ' <n, then

p(n, k)= O((n/4“7)*? e+
as n - oo,

Proof. Itis not difficult to see that the function cos*” 2 u - sin” u is decreasing in the
interval (n —1)""?> =u =3#. The numbers jm/2%, where j=1,2, - - -, 2" =1, all lie in
this interval since 4! < n. Consequently, formula (2.8) for f(n, k) is an alternating sum
of decreasing terms. When we bound f(n, k) by the first term in formula (2.8) and use
the inequalities sin ¥ = u and cos u = e for0=u =17, we find that

f(n, k)=4"27% cos® 2 (m/2") sin® (m/2")
<m24n8* e—-n2(n—1)/4'<
=0@4"8 7 e * T,
The required result now follows from the fact that
p(n, k) =f(n, k)y:' = O(n*?47"f(n, k)).
LEMMA 3. If 4 ' =n, then
p(n, k)= O((4“™ /n) e™*7/2")
as n—> 0,
Proof. Let R = 4% /n. It follows from Corollary 1 and inequality (3.1) that
p(n, k)=4Y > Re™ VPR =4 Re™ VIR ¥ 2 ¢ /PR

v
— - 2 —
=4 Re (1/2)R Z V2 e 1/2)(»2-1) _ O(Re (1/2)R)
v

as required.
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We can now prove relation (4.1). Let ko =[5 log, n]+ 1. It follows from Lemma 2
that

Yi= ¥ (n/4“Dp(n, k)

k<ko

o 3 () e

k<ko

- O( Z 45/2ve—4"—1> - O(l),
v=1

since for every k such that k <k, there exists a unique integer » such that 4"~ '=

n/4*"' <4”. It follows from Lemma 3 that

Yo=Y (@Y/n)pn, k)
k=ko

=O( T (41/n)? e—4k—1/2n>

k=ko

_ O( § 42ve—-(1/2)4”—1) —0o(1)
v=1

since for every k such that k =k, there exists a unique integer v such that 4”7 '=

4%7'/n <4". This suffices to complete the proof of relation (4.1) since

B4 0/2kan Y 4y,

We remark that the values of E{4”"/n} and E{n/4® "} oscillate and do not tend to
a limit as n -» c0. Numerical evidence suggests, however, that

1.6<E{4°'/n}<1.9
and
T <E{n/4"}<.9
for n =5.

Acknowledgments. We are indebted to Mr. W. Aiello for performing numerical
calculations for us. The preparation of this paper was assisted by grants from the
National Research Council of Canada.
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A COMBINATORIAL PROBLEM ARISING IN THE STUDY OF
REACTION-DIFFUSION EQUATIONS*

JAMES GREENBERG, CURTIS GREENE,} AND STUART HASTINGS |

Abstract. We study a discrete model based on the observed behavior of excitable media. This model has
the basic properties of an excitable medium, that is, a threshold phenomenon, at refractory period, and a
globally stable rest point. We are mainly interested in two dimensional periodic patterns. We characterize the
initial conditions which lead to such patterns, by introducing a basic invariant, the “winding number of a
continuous cycle.”

The problem we shall consider bears a superficial resemblance to the well-known
“game’ of Life, as devised by J. H. Conway [1], in which a set of simple rules determines
the step-by-step evolution of certain patterns in an infinite planar grid. Our problem is
also set on an infinite grid of square ‘“‘cells” and proceeds in discrete time steps.
However it differs from its predecessor in having a natural physical interpretation, in
terms of reaction-diffusion processes. These are of current interest because of their
importance in a variety of biological phenomena, including nerve conduction and
morphogenesis. A related paper [2] continues the study of discrete models of such
processes which was begun in [3]. However, in our opinion, the combinatorial aspects of
the problem have sufficient interest to warrant separate treatment.

To describe our process we label cells ¢ =c;; with integer coordinates (i, j),
—00 < i, j <00, and consider an infinite sequence t =0, 1, 2, 3, - - - of discrete time steps.
To each triple (i, j, ) associate an integer u}, called the “‘state” of cell c;; at time ¢. These
integers will come from a fixed finite set $ ={0, 1, 2, - - -, N}, where N =2. The initial
states uE,» are chosen arbitrarily from S. Subsequent states u;;, t >0, are then deter-
mined inductively, according to rules A and B below.

The inductive procedure to be described requires choosing, initially, a fixed integer
K with

1) 1=K =N/2.

The states u =1, 2, - - -, K are called “‘excited,” while states K +1, - - -, N are called
“refractory.” Also, u = 0 is sometimes referred to as the “‘rest” state. The rules for our
game are

(A) If1=ui;=N-1,then ufj' =uj;+1, while if uj;, = N then ui;* =0.

(B) Suppose that u;; =0. To determine u; ', examine the four “adjacent” cells c;,
where |i —i’|+|j—j'|=1. If one or more of these cells is excited at time f, then
uii' =1. Otherwise, u;;' =0.

The motivation for these rules is, roughly, that excitation “diffuses” from an
excited region into an adjacent resting region, but not into a refractory region. Also,
once a cell is excited, its state evolves according to fixed dynamics with no diffusion
effects from neighboring cells, until it returns to rest. We remark that a number of
previous authors, starting with Wiener and Rosenblueth [4], have studied similar
processes, usually on a computer and again in a biological context. In [2] it is shown how
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these rules are related to a certain singular limit of some widely studied continuous
models of reaction-diffusion processes.
The problem, broadly, is to describe how a given initial pattern Po={(, j, u5;),
—00 < i, j < oo} evolves as ¢ increases. In particular, what sorts of patterns can develop,
and will the process continue indefinitely without all cells returning eventually and
permanently to rest. In [3] it is observed that for N =2 and K =1 there is a complete
solution, provided only that the number of non-zero cells at # = O is finite. There are two
possibilities.
I. The pattern dies out. By this we mean that for any (i, j) there is a T;; such that
u;;=0if t = T;;. Equivalently,

lim inf {|i|+|j||ui; # 0} = co.
t—>00

In other words, the pattern becomes identically zero in any finite region in finite
time.

II. The pattern persists. Thus there is at least one cell ¢;; such that
{t|ui; # 0}

is unbounded. Equivalently this is the case for each c¢;;. (This is not hard to
show.) Furthermore, the pattern is eventually periodic in any finite region, and
can be described as a set of rotating spirals and concentric waves radiating
periodically from fixed centers. (See, for example, Fig. 4 of [3].)

In addition, one can easily determine which of I or II will occur, and locate the
centers of all rotating spirals and concentric rings, by examining the initial configura-
tion. Since this paper is devoted to N > 2, and no particular insight is gained by studying
N =2, we refer the reader to [3] for a more thorough description of the three state
model.

In considering the many state version we concentrate on determining whether a
pattern will persist or die out. We shall only consider patterns with a finite number of
nonzero states at ¢ = 0. Ideally one would like to find a necessary and sufficient condition
for persistence which can be checked at t =0. We have not found such a condition,
though we do have nontrivial necessary conditions and sufficient conditions of this type.
In addition, we give a necessary and sufficient condition for persistence which can be
checked after a certain number T = T (P,) of iterations have been carried out, where T
depends, roughly, on the size of the initial nonzero set. (See Theorem 5.)

In order to state our results we need a measure of the distance between states in S.
We use the metric d(-, +) defined by

) d(m, n)=min{m —n|, N+1—|m—nl}
for any m, n in S. Equivalently, identify each k in S with the point
’2 - e(k/(N+1))-2-rrl'

on the unit circle C in the complex plane. Then

N+1
d(m, n)= .

Observe that for any cell ¢;; and any ¢ =0,
(3) dui,uliV)=1.

{shorter distance from #: to 7 on C}.
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Assume that N =3 and let

. N+1

4) L =min {K+1,—4——}.

THEOREM 1. If there is a to=0 such that d(u, u;’) <L whenever c; and c:
are adjacent, then the pattern dies out. (Recall that c;; and c; j are adjacent if |i —i'|+
li=7il=1)

In particular, if the process is persistent, then there must be adjacent cells ¢;; and
¢ such that d(u}j, u} )= L. In fact, this can be strengthened a bit.

THEOREM 2. If the process persists, then there is a fixed pair of adjacent cells c;; and
cij such that

d(uﬁ,,, u,",,v) =L

for all t =0.

If L <(N +1)/4, then eventually an even stronger discontinuity must develop.

THEOREM 3. If the process persists, then for any sufficiently large t there is a pair of
adjacent cells c;;j and cy j such that d(uij, ui ;)= (N +1)/4.

An estimate will be given for when (at what ¢) this inequality must hold.

In order to give sufficient conditions for persistence we introduce the concept of a
cycle.

DEFINITION. A cycle is an ordered (M +1)-tuple € =(c’, ¢?, ¢>, -+, c™ ™™
of cells such that c¢’,---,c™ are distinct, ¢™*'=c’, and ¢’ is adjacent to ¢'** for
l=si=M.

DEFINITION. A cycle € is said to be continuous at time ¢ if

dlubui,)=K forl=i=M,

where u! is the state of cell ¢’ at time .

For such a cycle we then define a ‘“‘winding number” at time ¢. For this purpose
recall the previous identification of the states k=0,1,2,-- -, N with the points
£ =™/ N+ 27 h the unit circle. If m, n € S, let mn denote the shorter directed arc
from 1 to A. If both arcs from s to 7 are of the same length, let mn be the arc
connecting #i to 7 in the counter-clockwise direction. Then, for an ordered pair (m, n)
of integers in S, let

d(m, n) if mn connects m to 7 in the counterclockwise direction,
o(m, n)= )
—d(m, n) otherwise.
The winding number of a continuous cycle € at time ¢ is then defined by
W) = 3 oul ulss)
T — u ‘, u . .
t N+1.5 og\Uj, Ui+1

It is not hard to show that W, (%) is an integer, and represents the net number of
times the unit circle is traversed in the counterclockwise direction by the points u; as i
runs from 1 to M + 1. We now give a necessary and sufficient condition for persistence.

THEOREM 4. The pattern is persistent if and only if there is a T = 0 and a continuous
cycle € at time T such that Wr(€) # 0.

Obviously this includes a sufficient condition for persistence which can be checked
att=0.

It is desirable to find an upper bound for the smallest T satisfying the conditions in
Theorem 4. It can be shown by example that T may be arbitrarily large if the size of the
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initial nonzero set is not restricted. Our result in this direction is probably not the best
possible.

THEOREM 5. Let Ry be a “‘diamond” shaped set of the form

Ri={cij| li|+|jl=m+1}
for some m, and suppose that
uli=0 i |i|+|j|>m.

Then the pattern persists if and only if there is a continuous cycle with nonzero winding
number at time T = n(R,) - K, where n(R,) is the number of cells in R,.

Our final result is proved in almost the same way as Theorem 5.

THEOREM 6. There exists an integer p = 1 such that the process is eventually periodic
with period p in any bounded region.

In other words, there is a p such that for each m there is a T, with

uii’ =ui;
whenever t = T,, and |i|+|j| = m..

One can extend these results in several directions. For instance, arrays of cells in
more than two dimensions, or with nonrectangular geometry could be considered.
Other definitions of ‘“‘adjacent,” or “neighboring” cells might be used. For example in
the plane with square cells we could say that ¢;; and c;; are neighbors if 1=
li—i'|+|j—Jj'|=2. In any of these cases Theorem 4 goes over without change. How-
ever Theorem 1 may need modification. The alternative definition of adjacent cells
given above requires the number (N +1)/3 instead of (N +1)/4 in Theorem 1. On the
other hand, with rectangular geometry and the definition of two cells as adjacent if they
have common faces, Theorems 1-6 are essentially unchanged in higher dimensions.

Proofs. A basic observation is that discontinuities in a cycle do not appear
spontaneously. This is implied by the following result.

LeMMA 1. Suppose that c and d are adjacent cells with states u' and v' at time t. If

(%) du*,v°)=K
for some t, =0, then

du’, v)=max{d(u®, v"), 1}

for all t = t,.
COROLLARY. If a cycle is continuous at to, then it is continuous for all t Z t,.
Proofof Lemma 1. If u'# 0 and v" # 0, then rule B, together with (2), implies that

(6) d(ut0+1’ Uto+1) — d(uto’ Uto).

We can therefore assume that at least one cell, say u, is in the resting state at ¢ = to, i.e.
that "= 0. If, in addition, v = 0 then rule B implies that d(u°"", v°*)=1.

Next suppose that u°=0, 1 =v*= K. Again use rule B, to conclude that u°*' =1
and again (6) holds. Finally, if K+1=v°=N then (1), (2), and (5) imply that
v°=N —K +1> N/2. But from this it follows that

d( ", u) =d(v", u*)-1.

From (3) and the triangle inequality we get d (1", v*") = d(u", v"*), completing the
proof of Lemma 1.
It turns out that Theorem 4 is the key result so we prove it first.
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Proof of Theorem 4. We begin by showing that if € is a continuous cycle at t,, and
hence for t=1t;, then W,(€)= W, (%) for t=t,. It suffices to show that W, .,(€)=
W, (6).

For each pair of integers j and k with 1 =j <k =M, let

k-1
Qt(j, k) = Z a'(u;, u;+1)°
i=j
In particular, W, (€)= (1/(N+1))Q,(1, M +1).
LEMMA 2. Suppose that j and k are integers with 1 =j <k =M +1 and that
7 u;#0, ur#0, and ui=0 ifj<i<k.

Then Qt(j’ k) = Qt+1(j) k)°
Proof. 1f k =j+1, then

Q(j, k)=0a(uj ui) =™, ut"™") = Qu1(j, k)

AN AN
because both u; and u} move one step counterclockwise around the unit circle as s goes
from ¢ to ¢t +1.

Now suppose that kK =j + 2. From (7) we see that

uit=0or1 ifj<i<k.

Hence o(ui™, uiil) =uili —ui"" if j<i<k—1and so
t+1 t+1 k22 t+1 t+1 t+1 t+1
Qi k)=0c(u; ujv1)+ ¥ (wivy—ui ) +o(ui—y, ue ),
i=j+1

where the summation term on the right is not present if k =j+2. If k >j+2 then the
summation term collapses. We conclude that for any k =j +2,
(8) Qi1 k)= o (uf™, uiih) +uily —ufii + o (uihy, ui™).

From (7) it follows that u{*' and u}'" lie in the set

[N-K+2,NJU[0,K +1].
Since u}" and u{i] are O or 1, it is easily seen that

o™ ulih) —uill = o™, 0),

o(uily, u™) +ui = o (0, ui”!
and from (8),
Qun1(j, k)= (u;™, 0)+a (0, ul™
=0(uj, 0)+a(0, ur)
=Q:(j, k),

where we again use (7). This proves Lemma 2.
The first part of Theorem 4 then follows quickly by letting i; <i<-:-<i, be
those i such that u;° # 0, and observing that

W.(€) = él Quiy ie1),

where we set i,y =i;. The desired result follows by applying Lemma 2 to j=i,,
k=ipsiforl=m=p.
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Remark. An alternative proof that the winding number of a continuous cycle is
constant proceeds as in the following sketch: The states of the cells of € at time ¢ can be
used to define a continuous map F;: C - C of the unit circle into itself. To do this,
identify the cells ¢', - - -, ¢™ of € with the points ¢/ = /™ * 2™ 5 C. Map ¢’ into uj.
Extend this map to a continuous one from C to C by interpolation, using shortest arcs
along C and taking the counterclockwise arc in case of ties. This defines F,, and similarly
one can define F,.1, using the states at time ¢+ 1. These two maps are easily seen to be
homotopic, and hence have the same winding number.

We next consider the second part of Theorem 4, namely, that if a pattern persists,
then eventually there must be a continuous cycle with nonzero winding number. To
prove this some additional concepts are helpful.

DEFINITION. A path isan M-tuple P=c", - - -, ¢™ of cells such that ¢’ is adjacent
toc™ forl=sisM-1.

DEFINITION. A path P is said to be continuous at time t if d(u;, ui.,1) =K for
1=i=M -1, where u! is the state of ¢’ at time ¢.

By Lemma 1, if P is continuous at #y, then it is continuous for all ¢ = ¢,.

We shall say that a cell ¢ is external to the pattern at time ¢ if there is a rectangle R
in the plane such that ¢ is outside R but all cells which have nonzero states at time ¢ lie
inside R.

Under the assumption that there are no continuous cycles with nonzero winding
number for any ¢ = 0, we can define the potential of a cell ¢;; at time ¢ for any cell which
is connected to an external cell by some continuous path at time ¢. Let the path be

1 M M 1.
¢, ++,c ,where c” =c;; and ¢ is external. Then we set
M-1 ; .
h(i,))= ¥ o(u; uisr).
k=1

This will be the same for any continuous path connecting c; to any external cell, for
otherwise we could find a continuous cycle with nonzero winding number. All cells
external to the initial pattern have a potential for all . Also, if h,(i, j) is defined, then so
is h.(i, j) for t = to, and h,(i, j) = h,,(i, j), t = to. Among those cells which are not external
to the initial pattern (a finite number), we can allow the possibility that some may never
have a potential defined. In any case there must be a £, =0 such that no cells have a
potential defined for the first time at some ¢ = .

Let c;; be any cell with a potential defined for ¢ = #,. Suppose that for some ¢ = ¢,
u;;=0and 1=u; ; =K for an adjacent cell c;;;. Then c;; has a defined potential at
time ¢ which must be higher than that of ¢; ;, since we can connect ¢ ;- to the outside by a
path going through c;;.

Let A’ be the highest potential of any cell at time 5. Let A be the next higher
multiple of N + 1. We claim that no cell can achieve a potential greater than A. If not, let
¢k, be the first cell to achieve a potential of A+ 1, and suppose this occurs at ¢ = ¢;. Then
uiy' =0, and ¢, has a neighbor ¢, which is excited at time #;—1,so that 1 = ujp ;' =
K. But then ¢y, must have a potential greater than A at t=1¢,—1, which is a
contradiction.

But this proves that among all those cells with potential A’ at time #,, none can ever
become excited again, contradicting the persistence of the pattern.

Proofs of Theorems 1,2, and 3. Theorems 1, 2, and 3 all follow from Theorem 4.
Notice that as a consequence of Lemma 1, Theorems 1 and 2 are corollaries of
Theorem 3. To prove Theorem 3, choose ¢, large enough to insure that at #, there is a
continuous cycle € =(c', - - -, ¢™) with W,,(€) # 0. This is possible by Theorem 4. We
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shall show that

N+1
d(ul], ut’]’)>T

for some pair of adjacent cells ¢;; and ¢; .
For this purpose we use a different kind of continuity for a cycle. We say that a cycle
E=(e', - -, e?) is mildly continuous at ¢, if
ity ) St
4
for 1 =i = Q, where u; is the state of e’ at t,. (We shall only be concerned with states at
t = ty, and so we suppress the time in this notation.)

For any mildly continuous cycle E, the winding number W, (E) is defined just as
before. We are assuming that W, (E) # 0.

Let r =sup {d(u3, u)|c;; is adjacent to c;;} and suppose that r <(N +1)/4.

LEMMA 4. There is a mildly continuous cycle E at to which consists of exactly four
cells and has nonzero winding number.

Proof. Consider € as an ordered M-tuple of closed squares in the plane. Let y be
the Jordan curve obtained by joining the centers of consecutive squares of €. Suppose
that the inside of y contains squares which are not in €. Such cells we call interior to €.
Then there must be three consecutive cells ci, c“l, ¢*? in € which form three quarters
of a square of four cells such that the fourth cell c¢* in this square lies inside y. Since
r< (N +1)/4, the cycle obtained by replacing ¢*" in € by c* is still mildly continuous.
Furthermore,

o (Ui, Uiv2) = (Ui, Uir1) + 0 (Uit Uir2)

=0 (u;, u*)+o(u*, uirz)

where u* is the state of c¢* at #,. Therefore the new cycle €* has the same (nonzero)
winding number as €. However, c* has one less interior cell than C.

Continuing this shrinking process, we see that there must be a mildly continuous
cycle 6" at t, with nonzero winding number and no interior cells. Again there must be
consecutive cells ¢, ¢™**, ¢"** of €' which comprise three quarters of a square of cells,
and now these can be chosen so that the fourth cell ¢ in this square is also a cell of €. We
can renumber the cycle so that ¢ = ¢’ for some j>i+ 2,

If j=1i+3, then there are two cases. The cycle G=c' ™, 2 may have
nonzero winding number, in Wthh case we are done If, on the other hand, € has
winding number 0, then omit ¢'* Yand ¢'*? in %" and there results a cycle 4> with
Wi (€ = W, (€ 1. Thus €' has been reduced to a still smaller cycle.

Next suppose that j>i+3. Proceed according to whether the cycle D =
(c™?,¢™3, -+, ¢’) has nonzero w1nd1ng number or not. If W, (2) # 0, replace €* with
€. If W, (D)= O, eliminate ¢'*%, - -+, ¢’ from €".

It is thus clear that we arrive eventually at a cycle with the desired properties at ¢,
proving Lemma 4.

But from this result we obtain a contradiction. Since

+1

d(u, ui)=sr< 7
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and assuming as we may that u;, = 0, we have the inequalities
1=su,=v, usz=2r, us=3r.
On the other hand, u,=N —r+ 1. This gives

N+1

>

3r=N-r+1, or r=

which contradiction proves Theorems 1, 2, and 3.
Proof of Theorems 5 and 6. Let R, be the diamond shaped region

Ro={cy|lil+]jl=m},
where m is chosen so large that R, contains the entire nonzero set at ¢ =0. Also, let
R, ={ci|lil+|jl=m+n}

forn=1,2,3,---.

LEMMA 5. Within any given R, n Z 1, the process proceeds independently of cells
outside R,.. More precisely, if c;j€ R,and u$ =1, then 2= u ;" =K + 1 forsome cell c; ;
adjacent to c;; and also contained in R,.

This result implies that if #;; is a second process, obeying the rules A and B if
¢i; € R, but following the rule u;; =0 if ¢;j# R,, then 4;; = u;; in R,.

Proof of Lemma S. Suppose, then, that the Lemma is false, and let ¢, be the first
time where a cell in some R,, n =1, is excited by a cell outside R,, and not simul-
taneously excited by a cell in R,.. Thus there is a cell ¢;; =c®in R, with uls=uf =1,
while 2=u =K + 1 for some adjacent cell ¢’ in R,.;. Furthermore,

(8) ureg[2, K +1]

for any cell ¢* in R,, which is adjacent to c°.

However ug —uf = 0, so Lemma 1 implies that u = 2. Also, ¢! must in turn have
been excited by a cell ¢* € R... This follows from our hypotheses on ¢, since cells of R, +1
which are not in R,, cannot be adjacent to each other. Then u% = 3. Also, cO, ctandc?
form three cells out of a square of four cells. Let ¢* be the fourth cell in this square. Then
c*eR, and c¢? is adjacent to ¢° and ¢>. Since u¥ =3, u =1, and d(ul, u¥®)=1,
d(u%, u®)=1, it is seen that u® =2, a contradiction of (8). This proves the Lemma.

Theorem 5 follows from Lemma 5 by the following argument. Suppose the process
is persistent, and let T be defined as in the statement of Theorem 5. By Lemma S, there
must exist a cell ¢' in R; such that 1 =u{ = K. (Otherwise the process dies out.) Cell ¢!
must have been excited by an adjacent cell ¢, no more than K time units before; ¢ in
turn must have been excited by an adjacent cell ¢, and so on. Continuing back to time
t =0, we obtain a path ¢!, c? -+, ¢’ of adjacent cells in Ry, which is continuous at time
T. The cells ¢’ cannot be distinct, since each cell represents at most K time units, and
this would imply T < JK = n(R;)K. Thus a cycle must exist, and it is easy to see that this
cycle has nonzero winding number.

To prove Theorem 6, observe that the process i, (defined above) must be
eventually periodic, since it is on a finite grid. Next observe that for sufficiently large ¢,
the states of the border cells in R,..; — R, are uniquely determined by the states of their
neighbors in R, at times ¢ and ¢ —1, by an easy argument using Lemmas 1 and 5. It
follows that the process has the same periodin R,,.; and R,,, and hence for alln = 1. This
completes the proof.
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ON THE AVERAGE SHAPE OF BINARY TREES*
FRANK RUSKEY*

Abstract. The average level numbers of the leaves of a binary tree are studied, where each binary tree is
regarded as being equally likely. A formula is derived for the number of binary trees with jth leaf at a
prescribed level. The asymptotic behavior of the average level number of the jth leaf is determined. The
average level numbers are shown to first increase and then decrease.

1. Introduction. The analysis of many algorithms is directly related to the level
numbers of the nodes in a binary tree. In this paper we study the average level numbers
of the nodes of a binary tree, where each tree is regarded as being equally likely. The
average height of ordered trees was studied by de Bruin, Knuth, and Rice [1]. Although
there is a direct correspondence between ordered trees and binary trees (i.e. Knuth [4]),
the heights of the two types of trees do not appear to be directly related. In [1] complex
variable theory was used extensively; here the methods used are entirely elementary.

By binary tree we mean what Knuth [4] calls an extended binary tree; that is, each
node either has two sons or has no sons. The nodes with two sons are called internal
nodes and the nodes with no sons are called leaves. The level number of a node is the
length of the path from the root to that node. Let B, be the set of binary trees with n
internal nodes (and thus n + 1 leaves) and let b, be the number of trees in B,. It is

well-known that
b, = 1 (Zn).
n+l\n

Let T'(n, k, j) denote the set of trees in B,, with (j + 1)st leaf (counting from left to

right) at level k. If j=0 then we shorten this to T'(n, k). Figure 1 shows the 4 trees in
T4,2,1)

Qo A0 9y,

FiG. 1

Let t(n, k, j) and t(n, k) denote the number of trees in T'(n, k, j) and T'(n, k),
respectively. We wish to become better acquainted with the numbers ¢(n, k, j). Table 1
shows #(6, k,j) for 1sk=6 and 0= =6.

* Received by the editors June 5, 1979.

+ Department of Mathematics, University of Victoria, Victoria, British Columbia V8W 2Y2. This work
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TABLE 1

42 0 0 0 0 0 42
42 28 10 8 10 28 42
28 42 30 24 30 42 28
14 36 42 40 42 36 14
S 20 35 40 35 20 5
1 6 15 20 15 6 1

AN AW N =

The numbers ¢(n, k) have appeared in scattered places throughout the literature.
In particular, in Ruskey and Hu [6] and in Ruskey [5] it was shown that

t(n, k)= Z bvl e bvk

vittyp=n—k

kK (Zn - k>
2n—k\ n—k/’
We will let a(n, j) be the average level number of the (j + 1)st leaf, taken over all
trees in B,, i.e.,

1)

1
aln,j) ==Yk t(n k).

Also, a; will denote the limit as n > 00 of a(n, j). In [6] it was shown that a¢ = 3. Figure 2
shows a(n,j) forn=0,1, -, 6. Observe the shape of the curves.

In the next section we will derive an expression for t(n, k, j) in terms of t(n, k),
derive an expression for a(n, j), determine «; exactly, and show that for fixed n and

-~

N
a(n, j) \
3 \ /

FIG. 2
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0=j=n, a(n,]) firstincreases and then decreases. The proofs of these results rely on a
number of identities. These identities will be proven in the final section.

2. Results. We begin by trying to express t(n, k, j) in terms of ¢(n, k). Consider a
tree in T'(n, k, j). There are k internal nodes along the path from the root to the (j + 1)st
leaf. The sons of each of these internal nodes are either a path node or the root of some
subtree. The number of leaves in the subtrees whose nodes are to the left of the (j+1)st
leaf is j, and the number to the right is n—j. Thus, to get all of T'(n, k, j), we have to
decide how many subtrees are on the left, which internal nodes are the roots of those
subtrees and how many leaves are in each subtree. Let [ denote the number of subtrees
on the left of the (j + 1)st leaf and let »;represent the number of internal nodes in the ith
subtree. Figure 3 illustrates the situation.

| subtrees : k-1 subtrees
j leaves 9 n-j leaves

FiG. 3

Thus ¢(n, k, j) is equal to
k
SO 5 ben) T b))
1=0 l vitety=j—I v1+1+~~~+va)n—-]'——k+l
v;=0 vi=

By (1) we have proven
LEMMA 1.

k
(k)= % ()G Detn = k=)

The next two theorems rely on a number of (ultimately) binomial coefficient
identities which we list here for reference and prove in the next section.

Identities:
k+l> (k+l) el (k+p—1>
= +1 ,
@) (k+l)( l I+1 pgo p
® 2 (PN o= ttnrpr1,p42),
k=1 p
1
(4) Y tin+p,p+1)=tn+11),
p=1
. tn+lk) k
(5) 'lll_{g‘o b, = SR=20+ T
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(6) 3 i k02t = (%),
7) Tkt k)25 =4~ (Zn")
(8) 3 KM, 025 (n +1)(2”ﬁ) 3~4"+(2n”).

We now try to simplify Y k - ¢(n, k, j) as much as possible.
THEOREM 1.

% k-tnk,j)= éo t(, Dit(n—j+1+2,14+3)+1 - t(n—j+1+2,1+2)].
Proof. By Lemma 1
3 ke tn k)= % k z (3 )t(], De(n—j, k—1).
Interchanging the sums and then shifting the inner sum by [ yields

20 % G =i,

which by (2) is equal to

£ i ¥ (1)) =idor £ 10 58 (ST i,

k=1 p=0

We now interchange the innermost pair of sums in the second term and apply (3) to both
terms to get

Z t(],l)[t(n —j+1+2,14+3)+1 ’il th—j+p+1, p+2)]

A final application of (4) gives us the theorem. [

Note that #(0,0)=1. Using Theorem 1, particular values of a(n,j) can be
obtained. For example, a(n,0)=3n/(n+2), a(n,1)=0G5n-2)/(n+2), a@n,2)=
(13n°-18n+2)/[(n +2)(2n —1)].

We now determine the exact value of «;.

THEOREM 2.
___2_ . 2j+2)
ai~4,(,+1)( ARt

Proof. By Theorem 1 and the definition of a; we have
1
a; = lim o Yt Dit(n—j+1+2,1+3)+1  t(n—j+1+2,1+2)],
n=>% Dy 1z1
which by (5) is equal to

2t )

=1

1+3 l(l+2)
22[ 2_2]—ﬁ

Substituting (6), (7), (8) and simplifying yields the desired result. [0

] 1. Y t(j, D2' 1% +51+3).
=1
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COROLLARY.
Wi+1-1<a;<4v2Vj+1-1.

Proof. This follows at once from the estimate

2" _ (2n) 2
2vn V2n

which is given in [7, Chap. VII, § 3] (also see [8] for an even better estimate). [

We now prove that the average level numbers first increase and then decrease.
Clearly the average level numbers are symmetric, i.e., a(n, j) = a(n, n —j). Also, the
average height of a tree with » internal nodes is at least « (n, n/2). A recurrence for the
t(n, k, j) is given below.

LEMMA 2. If k=2 then

j—1 n—1
tn,k, )= Y bit(n—1-1,k—=1,j=1-1)+ ¥ bu_i—1t(l, k—1,7).
=0 I=j

Proof. Consider a tree in T(n, k, j) with left subtree T, and right subtree Tk.
Suppose that there are [ internal nodes in the left subtree. If j =/ then the (j + 1)st leaf is
in Ty ; thus Ty € T(l, k —1, j) and Tg € B,,—;—;. This accounts for the second term. If j >/
then the (j+ 1)st leaf is in Tg; thus T € B, and Tre T(n—1—1,k—1,j—1—1). This
accounts for the first term. 0O

Putting the result of Lemma 2 in a slightly different form:

n—1
tn, k,j)=Y booalt(Lk—=1,n—f)+t(, k-1, )]
=0

Letting B(n, j) = b,a(n, j) we have the following corollary to Lemma 2.
COROLLARY. Forall 0=j=n, B(0,j)=0andif n =1 then

n—1
B(n’ j) = bn + l§0 bn—I—l[B(l’ ])+B(la n _j)]'

Proof. The proof follows easily from Lemma 2 and the classic recurrence for binary
trees, viz., b, =Y, bb,_,1. O

We now prove that a(n,j) (equivalently, B(n,j)) is a concave function of j.
Together with the symmetry, this shows that the level numbers first increase and then
decrease.

LEMMA 3. Foralln=2 and 0<j<n,

B(n, [)>3[B(n, j—1)+B(n,j+1)].

Proof. The proof is by induction on n. Figure 2 shows it to be true for small values
of n. We can use the corollary to Lemma 2 to get

n—1
B(n’ j) = bn + IZ:O bn-—l—l[B(l, ])+B(l, n _j)]
n—1
>by+3 5 b8~ 1)+B0, 4]
+3'% burilBn—j =1+, n =i+ 1)

=§-[3(n,j—1)+[3(n,]'+1)]- 0
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3. Proof of identities. In this section we prove the formulas (2) through (8). First
we recall a few basic facts about the numbers ¢(n, k). The proof of these may be found in

[5]or [6].

9) t(n,n)=1 and ¢(n,0)=0 (nz=1),
(10) tin,k)=t(n—1,k—=1)+t(n, k+1) (n>kz=0),
(11) Y tink)=t(n+1,1+1) (I=1).

k=l

Proof of (2). This follows at once from equations 7 and 10 given on pages 53 and
54 of [4].

Proof of (3). This is a special case of the following equation (valid for /=1, p =0)
which will be proven by induction on p.

Y (k+;_l)t(n,k)=t(n+p+1,p+l+1).

k=l

The base step p = 01is (11), which is obtained by iterating the recurrence (10). Otherwise
let p >0 and consider

t(n+p+2,p+l+2)='z tin+p+1,p+1+iQ).

i=1

This is true by (11). Proceeding inductively, the right-hand side of the above equation is
equal to

sy (k+pp—l—i>t(n’k)=k§lt(n,k)z(k+pp-l—i>

=0 k=l+i i=0

_ k+p+1—l)
_kzgl( Py 1O

The last equality follows from equation 11, page 54 of [4].
Proof of (4). This can be proven by using induction on [ and the recurrence (10).
Proof of (5). If 0=/=k then

tin+lLk) k (2n+21—k)/ 1 (Zn)
b,  2n+2l—k\ n+l—-k // n+1\n

_k@2n+2l-k-=1)!n!(n+1)!

 (n+l=k)(n—1)12n)!

_kQ@n+21-k—=1)oi-1()i—1+2
(n + l)l+1

as n - 0o this becomes k22 7*?

Proof of (6). This is the special case j =a =0, b =2 of equation 6.8 of Gould and
Kaucky [3], which is given below.

(12) 5

k=ja+bn—k
Proof of (7). Clearly,

at+bk—kia+bn—k\ , (a+bn-j\ ;
P SN L WA
n—k

n—j

S k-tm k2= ¥ t(n, )2\
k=1 k=1 Il=k
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By (12) this is equal to

2n—k
Z (n k)
This sum arises in ‘“Banach’s matchbox problem” and is known to be (i.e., Eisen [2,
p. 150])
4" - (2").
n
Proof of (8).
Y kt(n, k)2 = z z l-t(n,1)2!
k=1 k=11=k
= % % [w=1em, 02+ 5 10, j2]
k=11=k j=1

We now use (12) again to get
Z [(k 1)(Zn k)2k Z (2n—l)2,]= z": (2k——1)(2n~k)2k.
k=1 k =k \ n—1 k=1 n—k

To finish the proof we need only verify the identity given below

T e o o R

Using (13) and the proof of (7) finishes the proof of (8).
Proof of (13). Setting n’'=n +1 yields

ké (k+1)(2n :)2"— Y k(2(n _nl’)—l(k 1))2k—1

_ , n' k 2n'-k k—1
- kz="22n'—k(n’—k)2
=1n'[ D t(n',k)2k—£,(2n)]
2 Li n'\n
1 2n+2 2n
_E(n+1)( n+1)_(n)'
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WORST-CASE ANALYSIS OF NETWORK DESIGN PROBLEM
HEURISTICS*

RICHARD T. WONGH

Abstract. The Optimal Network problem (as defined by A. J. Scott, The optimal network problem : Some
computational procedures, Trans. Res., Vol 3 (1969) pp. 201-210) consists of selecting a subset of arcs that
minimizes the sum of the shortest paths between all nodes subject to a budget constraint. This paper considers
the worst-case behavior of heuristics for this problem. Let n be the number of nodes in the network and ¢ be
a constant between 0 and 1. For a general class of Optimal Network Problems, we show that the question of
finding a solution which is always less than n 1=¢ times the optimal solution is NP-complete. This indicates that
all polynomial-time heuristics for the problem most probably have poor worst-case performance. An upper
bound for worst-case heuristic performance of 2n times the optimal solution is also derived. For a restricted
version of the Optimal Network problem we describe a procedure whose maximum percentage of error is
bounded by a constant.

1. Introduction. This paper discusses the “‘optimal” network problem which can be
described in the following way: select a subset of arcs in a network so that the total
weighted sum of the shortest paths in the network is minimized subject to the constraint
that the total cost of the arcs selected does not exceed a given budget. More formally,

the optimal network problem can be formulated as the following mixed integer
programming problem:

minimize ), Y cxl
(i,j)e A (k,l)e(DxD)
147} ifi= k,
: ) kl oo s
subject to sz Y xgi=3—rg ifi=1
i q

0  otherwise,

Kl
Xii Sruyip Y diyi;=B,
(,)HeA

xi'z0  (,j)eAand(k,l)e(DXD), y;=00rl (ij)eA,

where the decision variables are xf}l, the amount of commodity (k, /) routed on arc (i, j),
and y;;, a binary variable indicating whether or not arc (i, j) is to be constructed. Let D be
the set of nodes and A be the set of possible arcs (undirected). Define r,; to be the
amount of commodity (k, /) that must be routed, d;; to be the construction cost of arc
(i, j)and c;; to be the per unit routing cost of arc (i, ). Let B be the construction budget.
All data d;; and c;; are assumed to be nonnegative. For technical purposes (and without
any real loss of generality), we assume that all ¢;; and dj; are integer valued and that all
problems under consideration have an optimal solution greater than zero.

This type of network design problem has potential uses in designing air, rail or
highway transportation networks. Although such systems are usually much more
complex than the above problem, this model could be useful in screening network
configurations for more detailed study [4].

Previous work done on the optimal network problem has indicated that it is a very
difficult optimization problem. Johnson, Lenstra, and Rinooy Kan have shown that the

* Received by the editors November 13, 1978. This paper constitutes part of the author’s doctoral
research performed at the Massachusetts Institute of Technology. This work was supported in part by the
Department of Transportation Advanced Research Program (TARP) Contract No. DOT-TSC-1058.

t Department of Mathematical Sciences, Rensselaer Polytechnic Institute, Troy, NY 12181.
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optimal network problem is NP-complete [8], which means that there is very prob-
ably no efficient method for solving problems of this type. Computational studies by
several authors [1], [3], [4], [7] using branch and bound techniques have shown that for
optimal network problems with more than 50 or 75 arcs, solution times are prohibitive.
So suboptimal heuristic methods appear to be the only methods available for generating
solutions to large scale network design models. Scott [16] and Dionne and Florian [4]
have proposed heuristics for the optimal network problem. In the next section we
review some of these procedures (for a more complete survey of the optimal network
problem and related design models see Wong [17]).

An important question that arises in using heuristic techniques is the accuracy of
the answers generated. One technique for evaluating heuristics is to analyze their
worst-case performance. That is, we compute the maximum possible percentage
deviation from the optimal solution when using the heuristic. This type of analysis is
conservative in that only the worst possible error is computed, but can be useful in terms
of evaluating performance guarantees for heuristics. Many researchers have analyzed
heuristics for various combinatorial problems in terms of their worst-case error
performance. See Garey and Johnson [6] for a survey of these results.

In this paper we analyze the worst-case behavior of a wide class of optimal net-
work problem heuristics. The next section reviews some past work in designing such
heuristics. Also some examples are given which demonstrate worst-case behavior for
some of these procedures. The third section contains our main results which show that
even finding an approximate optimal network solution is NP-complete. These results
indicate that all polynomial-time heuristics for the optimal network problem probably
have poor worst-case error bounds. The fourth section describes a particular heuristic
algorithm whose worst-case error ratio for a restricted version of the optimal network
problem is bounded by a constant that does not depend on the size of the input problem.
The last section provides a summary and overview of the paper’s results.

We should note that most of the previous work in this area (see [1], [4], [7],
[16]) dealt with a restricted version of the optimal network problem where all required
flows r,; were one and every arc routing cost ¢; was equal to its construction cost d;;. In
this paper, unless otherwise noted, we assume that all required flows r,; are one but that
an arc routing cost may be different from its construction cost.

2. Previous work in optimal network problem heuristics. Scott [16] and Dionne
and Florian [4] have presented some optimal network problem heuristics which we
consider here.

The first heuristic that we review is due to Dionne and Florian and was stated as
follows:

(H1) (1) Construct the minimal cost spanning tree (using the construction costs

d;; as the arc costs) as the initial network configuration.

(2) As long as the budget constraint is not violated, add to the network
configuration the arc whose construction cost is the least of all arcs not
yet included in the network design.

Note that if the minimal cost spanning tree is infeasible because of the construction
budget constraint then the problem is infeasible.

Dionne and Florian also presented another heuristic that is a modified version of
one described by Scott. It has the following description:

(H2) (0) Let M be the set of arcs in the current network design. For k € M, define

Q. (M) as the increase in the total routing cost if arc k is deleted from M.

(1) Initialize M so it contains all arcs in the network.
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(2) Find k* such that
QM) . QM)
= min ,

Lk*(M) - dk* keM dk

where di is the construction cost of arc k. If Li+(M)=00, then the
removal of any link will disconnect the network and computation
should be restarted using heuristic H1. Otherwise, delete arc (k*) from
M and continue with step 3.

(3) If Yxemdi>B, i.e., the current network exceeds the construction
budget, go to step 2; otherwise continue with step 4.

(4) If B—Y remdi =0, then introduce as many arcs as possible so that the
routing cost decrease is maximized and the budget constraint is
satisfied.

The quantity L, (M) can be viewed as the normalized “loss” due to deleting arc k.
At each iteration we delete the arc whose loss is the minimum of all arcs; the process
continues until a feasible solution is reached. This procedure is related to the ‘“‘greedy”
heuristic that has been studied previously [2].

Dionne and Florian performed computational tests to compare both heuristics. H2
performed noticeably better than H1. In fact, for many test problems H2 was able to
find the optimal solution.

Now we consider the worst-case performance for these heuristics. Let us define the
following terms:

V(- ) = the value of the solution computed by heuristic 4 for problem ( - ).

V(- )= the optimal solution value for problem ( - ).

S(n) = the set of optimal network problems containing » nodes.

Ry(n)=maxcsu) Vi(s)/ V(s).

R, (n) is the worst possible error ratio when heuristic 4 is applied to optimal
network problems consisting of n nodes. The goal of our worst-case performance
anaylsis is to compute R (n).

We show that for both of the above heuristics, the worst-case error ratio essentially
behaves as a linear function of n, the number of nodes in the network. Therefore the
error ratio is unbounded as the size of the network increases.

Consider the following canonical example depicted in Fig. 1. Let ¢; and ¢, represent
a subnetwork consisting of Z nodes. Figure 2 contains a diagram of this subnetwork.
Any arc connected to ¢, or ¢, is considered to be connected to the center node in the
corresponding subnetwork.

The label associated with each arc in Figure 1 denotes the arc’s routing cost and the
construction cost respectively. The construction budget B is 13Z°+8.

(1,132%)

1,132%)

F1G. 1. Optimal network problem example for heuristic H2.
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F1G. 2. Star network representing a node.

Using heuristic H2, we start with all arcs in the network. Then we drop arc (¢, ).
Next, we drop arc (¢;, b) or (¢,, b) (the analysis is the same regardless of which arc is
deleted). This leaves us with the following network depicted in Fig. 3. Recalling that all

(1,132%

F1G. 3. Solution computed by heuristic H2 for the example.

required flows r; are equal to one, we compute the cost of the above solution as
Vu,=8Z*+16Z>+4Z°+4Z +2.
Figure 4 depicts the optimal solution to the above problem. The optimal solution has

V=8Z>+8Z%+12Z +6.

2Z% 4)

X v

F1G. 4. Optimal solution for optimal network example.
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The total number of nodes in the network is 2Z +2.

8Z*+16Z%+4Z%*+4Z +2
8Z°+8Z%*+12Z +6

Ru,(2Z+2)=Z for Z=z=1.

Rux(2Z +2)=

This implies
Rux(n)=3n—-1 for n=6,8,10,....

So our example shows that the worst-case error ratio for H2 must be at least linear

since our canonical example exhibits such behavior for an infinite number of network
sizes.

F1G. 5. Optimal network problem example for heuristic H1.

Heuristic H1 behaves similarly. Consider the canonical example represented by
Fig. 5. Let the budget B be 25. An analysis that closely follows the one given above tells
us that

Rui(n)=3n—-1 for n=6,8,10,....

So the worst-case error ratio for H1 must also be at least linear.

The above results lead us to question if there are optimal network heuristics whose
worst-case behavior is better than the ones given above. The next section gives a result
which indicates that all “‘reasonable’” heuristics must probably perform nearly as badly
in terms of worst-case error margins. Also we show that the worst-error ratio for the
above heuristics is no worse than a linear function of network size. So the examples
given above show essentially the worst possible behaviour of heuristics H1 and H2.

3. Two theorems on the accuracy of optimal network problem heuristics. The first
result that we consider concerns the class of polynomial-time heuristics for optimal
network problems, that is, the set of all optimal network design heuristics whose
worst-case computation time is a polynomial function of the problem input size. As we
stated previously, Johnson, Lenstra and Rinooy Kan [8] showed that the optimal
network problem is NP-complete. Next we show that the problem of finding an optimal
network design heuristic whose worst-case error ratio is less than n'"*, where n is the
number of nodes in the network and ¢ is between 0 and 1, is also NP-complete. So
finding a polynomial-time optimal network design heuristic that is always “close” to the
optimal solution is as hard as finding a polynomial-time procedure that is always
optimal. Sahni and Gonzales [15] demonstrated similar results for the traveling
salesman problem (without the triangle inequality restriction), the multi-commodity
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network flow problem and other combinatorial problems. Garey and Johnson [5]
derived a related result for the graph-coloring problem.

Our first result can be stated in the following terms:

DEeFINITION. The approximate optimal network problem is the following: let € be
any fixed positive constant between 0 and 1, for any optimal network problem s find a
solution whose value is less than or equal to n'~°V (s), where n is the number of nodes in
the problem s.

THEOREM 1. The approximate optimal network problem is NP-complete.

Proof. Since the optimal network problem belongs to NP (see [8], [9], [10]),
the approximate optimal network problem must also belong to NP. Now we show that if
the approximate problem could be solved in polynomial-time, that is, if there existed a
polynomial-time heuristic #* and a constant e, 0 <& <1, such that R,«(n)<n'"* for all
n, then all of the NP-complete problems could be solved in polynomial-time.

Let us define a useful auxillary problem. The Steiner tree problem [9] has the
following description: given a network (D, A) with node set D and arc set A and the
data (i) {d;} i j)ca, the set of arc construction costs, (ii) B, the construction budget, and
(iii) S, a set of nodes which is a subset of D, determine if there is a subtree of the network
whose construction cost is less than the given budget B with the property that all nodes
in S are connected by the subtree. Karp [9] has shown that the Steiner tree problem is
NP-complete.

We next demonstrate that if the heuristic £* defined above exists, then the Steiner
tree problem could be solved in polynomial-time. It would then follow [9], [10] that
every NP-complete problem could be solved in polynomial-time.

Given any Steiner tree problem, transform it into an approximate optimal network
problem in the following way: replace each node in the set S by a subnetwork of the type
pictured in Fig. 2. Each of these subnetworks should have M* nodes, where M is the
number of nodes in the original Steiner tree problem and k is an integer constant that
will be specified later. All routing and construction costs for arcs in the subnetwork
should be zero.

Attach a special node T to the Steiner problem network. Every “special” arc
between T and the set of nodes D has a construction cost of zero and routing cost of
one. Every arc between T and a node in S, which is represented by a star network
corresponding to Fig. 2, is connected to the center of the star network. All arcs
originally in the Steiner problem network have zero routing cost and retain their original
construction costs.

Figures 6 and 7 illustrate such a transformation. S’ is the set (D-S). The arclabels in
the original Steiner tree problem network are the arc construction costs. The arc labels

O
O

F1G. 6. Example of a Steiner network problem (before the transformation).
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F1G. 7. Example of a Steiner network problem (after the Transformation).

in the modified optimal network problem indicate the arc routing and construction
costs.

The construction budget for the optimal network problem is the same as the
Steiner problem budget. As we have assumed throughout this paper, all required flows
in the optimal network problem are equal to one.

It is important to note that this transformation to create an optimal network
problem from a Steiner tree problem is a polynomially-time bounded procedure for any
finite value of the parameter k. Also note that the size n of the optimal network problem
created by our transformation is at most (M k*1 +1) nodes.

Now if one of the special arcs is utilized in the optimal network design to connect
two nodes that are in S,

routing cost = 4M>*,

If all nodes in S are connected with arcs from the original Steiner tree problem,
routing cost' =2M**?, k=3 and M =4.

Now suppose there is a polynomial-time heuristic £* for the optimal network
problem such that for some 0<¢ <1

Ru«(n)<n'™ foralln=1.

Since there exists a k =3 such that (k —2)/(k +2)=1—¢ we have

(k—2)/(k+2)

Ry+(n)<n'*<n for some k =3.

Next we examine the implications of the above statement on the class of optimal
network problems consisting of our transformed Steiner problems. Note that n =
M"**' +1, where M is the number of nodes in the original Steiner problem. Therefore,
for this class of optimal network problems

Rh*(n) < n(k—2)/(k+2) = (Mk+1 + 1)(k—2)/(k+2);

'Let RC(Ny, N,) represent the cost of routing between every pair of nodes in the set (N; X N,). Then we
can say total routing cost=RC(S, $)+2RC(S, $")+RC(S', $')+2RC(S,{T})+2RC(S',{T}), where the
factors of 2 are a result of the symmetry of the required flows in the network. Since all arcs from the original
Steiner tree problem have routing cost zero, RC(S, S) = 0. We can always utilize the special arcs connecting T
to the rest of the network so we have RC(S, S")=M**2/2, RC(S', §)=4M?, RC(S,{TH=M"*" and
RC(S', {T})= M. Therefore, total routing cost=<M**?+4M>+2M**' +2M =2M*** k=3 and M =4,
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for M =4,
(Mk+1 + 1)(k—2)/(k+2)< (Mk+2 )(k—2)/(k+2) =Mk—2 :
and,
Ri«(n)<M*?, ~ M=z=4, k=z=3.

The above inequality implies that for M =4 the Steiner tree problem could be
solved in polynomial-time by first using our polynomial-time transformation to create
an optimal network problem and then applying the heuristic £* to it. The existence of a
subtree satisfying the conditions of the Steiner problem could be verified by examining
whether the heuristic gave a routing cost solution that was less than 4M>*.

Since the finite number of cases where M <4 will not effect the polynomial-time
bound of this procedure, the above inequality implies that the Steiner tree problem
could be solved in polynomial-time.

Finding a heuristic 2* as defined above is equivalent to solving an NP-complete
problem, so we can say that the approximate optimal network problem is also
NP-complete. [1

We have seen that all polynomial-time bounded heuristics most probably have a
worst-case error ratio that grows almost linearly with the size of the network, or at a
faster rate. Next we see that for reasonable heuristics the error ratio grows no faster
than linearly with the size of the network.

Before presenting this result we introduce some additional notation. Let T be any
spanning tree of a network and arbitrarily choose a node R with degree one from T and
designate it as the root node. A node f is the father of node N if f lies on the (unique)
path in T between N and R and if there is an arc in T that connects f and N. Node s is
the son of node f if f is its father. Let w; be the number of nodes which are descendants
of node i (i.e., nodes other than i whose path to R in T must pass through ;). Des(N) is
the set of nodes which are descendants of N.

Figure 8 contains an example illustrating these definitions. Node 1 is the root node.
In this example node 2 is the father of node 5. Also w, =5 and we =0.

THEOREM 2. For optimal network problems whose routing costs satisfy the triangle
inequality, any heuristic h which always produces a feasible solution will have a
worst-case error ratio

R,(n)=2n foralln,

where n is the number of nodes in the input network.
Proof. We will show that

routing cost of any spanning tree network<
routing cost of the complete network

(The complete network contains every arc in A, the set of all possible arcs. Note that A
may not have an arc for every pair of nodes in the network.) The theorem immediately
follows from this fact since the above ratio is greater than or equal to R,(n) for any
heuristic & which always produces a feasible solution.

Let T be any spanning tree for an optimal network problem and C denote the
complete network. Let RC(T) represent the routing cost of network design T and n be
the total number of nodes in s. Consider an arc (i, j) belonging to T (since we are dealing
with undirected arcs, assume that for any arc (i,j) in 7, i is the father of j). Its
contribution to the total routing cost is S(i, j) = 2(w; + 1)(n — (w; + 1))c; (that is, the
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®

F1G. 8. Example of a tree with root node 1.

number of origin-destination pairs whose travel path passes through arc (i, j) multiplied
by the routing cost of arc (i, j)).
Therefore,

RC(M)= Y SGJ.
(i,j)eT
For the routing cost of the complete network, let a;; be the minimum routing cost

between nodes i and j on the complete network. Since all required flows are one we
have

RC (C ) = Z aij.
(i.))e(DxD)
Let us define the following quantity

C@,j)= > 2(aj + ari) Z 2(w; + 1)y, (L,)eT
keDes()HU{j}

where the inequality follows from the triangle inequality for the routing costs and
symmetry of the routing costs (since the arcs are undirected).
Therefore,

SGJ) _2(wi+1)(n—(w;+1))ey _ .,
= =n, e T.

G, ) 20w+ D)e no 6D

Combining these inequalities for all (i, j) € T we have

Zgi,i)ers(i, I) <n
z:(i,i)eT C(i’ ]) B
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and since Y ;). rS(i, j) = RC(T)

RC(T)
- &~ .=n
Z(i,j)eT C(,J)

Next we show that Y, .+ C(i, j)) =2RC(C) and thus complete the proof.

We argue that each arc cost term a,, appears in at most two expressions of the form
C(i, j) (without loss of generality assume that node ¢ is a descendent of node s). a,
appears in the expression C(i, j) only if

(1) j equals s. Recall that since i must be the father of j, i must be the father of s.

(2) i equals s and ¢ belongs to Des(j) U{j}.
The first situation can only happen once since node s must have a unique father.
The second situation can only occur once since if it happened twice, for example, with
C(i, j1) and C(i, j), j1 # j2, then between s and ¢ there would be two distinct paths in the
tree T.

Since RC(C) =Y, ,)cpxp as and the term a,, occurs in at most two terms of the
form C(i, j) we have

Y C(,j)=2RC(C).

DeT
Therefore,
RC(T) <n
2RC(C)
or
RC(T
Ec%é 2n. 0

Notice that the optimal network problem used in the proof of Theorem 1 had
routing costs which satisfy the triangle inequality. Therefore Theorem 1 also holds if we
impose the triangle inequality for the routing costs of the optimal network problem.

With these two theorems we have demonstrated probable lower and upper bounds
on the worst-case error ratio for all reasonable polynomial-time heuristics for the
optimal network problem with the triangle inequality for all routing costs.

The above results can also be extended to situations in which the required flows ry
are not necessarily equal to one. Suppose that all the r,, are positive integers such that

maxr—klé n® for some P=3.

ij, kel Tij
Then Theorem 1 is modified by changing the worst-case error ratio from n'™° to
n®7. Theorem 2 is modified by changing the upper bound of 21 to 2n"**. The proofs of

such generalizations are straightforward modifications of the ones given above and will
not be given here.

4. A heuristic for a special case of the optimal network problem. In this section we
consider a special case of the optimal network problem where all construction costs d;;
are one. The budget constraint for this type of problem essentially limits the number of
arcs allowed in the optimal network design. We will not have to assume that the triangle
inequality holds for the routing costs. Johnson, Lenstra, and Rinooy Kan [8] have also
shown that this restricted problem is NP-complete.
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With these new restrictions on the problem, the result of Theorem 1 is no longer
valid. We will describe a polynomial-time heuristic A whose worst-case error ratio

R,(n)=2 for all n.

Let TREE(i) be the tree network of minimum routing cost paths between node i
and every other node in the network. COST(i) is the sum of the minimum routing costs
from node i to every other node in the network.

Our third heuristic can be defined as:

(H3) (1) Find i such that

COST(i) = migCOST(]’).
i€

(2) TREEQ() is the proposed network configuration.
THEOREM 3. For optimal network problems having all construction costs equal to

one
Rys(n)=2 foralln.
Proof. We demonstrate this result by proving the stronger fact that

Vusa(s)

=2 f 2
RC(C) or all s

where Vys(s) is the value of the solution computed by heuristic H3 for optimal network
problem s and RC(C) is the routing cost (and solution cost) of the complete network
(i.e., the network with all arcs in A).

As before define a;; to be the minimum routing cost between nodes i and j on the
complete network. Therefore,

COST(I)= Z aij.

jeD

The routing cost for connecting node j # i to all other nodes in the problem using the
network TREE(i) is at most (n —2)a; + COST(i).
So

Vus(s)=n - COSTU)+(n-2) ¥, aj;,

J#i
and
Vius(s) =(2n —2) COST().

For the complete network we have

RC(C)= }, COST(j).

jeD
Since COST(i) = COST(j) for all j,
RC(C)=z=n - COST().
This implies
Via(s) _ (2n —2) COST(i)
RC(C) n-COST()

Note that heuristic H3 has a polynomially bounded computation time so that it is
possible to have a polynomial-time approximation procedure for a restricted class of

=2. a
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optimal network problems whose worst-case error ratio is bounded by a constant.
Theorem 1 shows that is unlikely that such a heuristic exists for a broader class of
network design problems.

We believe that combining some local improvement heuristic (perhaps one which
added arcs in a ‘“‘greedy” manner) with H3 could lead to a useful optimal network
problem heuristic. It would be necessary to perform additional worst-case analyses or
some computational tests in order to verify this conjecture.

5. Conclusions. The results of this paper indicate some unusual aspects concerning
the complexity of the optimal network problem. Theorem 1 shows that even getting
“close” to the optimal solution is an NP-complete problem. So, in a sense, this network
design problem is more difficult than many other NP-complete problems. Similar
results of this nature have been developed by Sahni and Gonzalez [15] and Garey and
Johnson [6].

Theorem 1 also applies to other discrete network design problems such as the one
treated by Leblanc [13] and Morlok and Leblanc [14]. This problem is similar to the
optimal network problem except that more complex routing costs and strategies are
allowed. So a variety of network design problems appear to be inherently very difficult.

For optimal network problems where the routing costs (c;’s) satisfy the triangle
inequality, we have an even stronger result. A strengthened version of Theorem 1 along
with Theorem 2, implies that the upper and lower bounds on the worst-case behavior of
all reasonable optimal network heuristics (i.e., polynomial-time heuristics that always
produce a feasible solution) must be very close unless P = NP.

In addition, we explored the relation between various problem parameters and
heuristic accuracy. By allowing the required flows (7;’s) to assume different values we
were again able to obtain probable (unless P = NP) upper and lower bounds on the
worst-case behavior of reasonable heuristics. We also saw that by restricting all the
construction costs (d;’s) to be equal, it is then possible to find heuristics whose
worst-case error is bounded by a constant independent of problem size.

Although most optimal network heuristics probably have a bad worst-case error,
there may be some heuristics whose ‘‘average” case behavior is quite good. In § 2 we
saw that heuristics used by Dionne and Florian [3] can be very inaccurate in terms of
worst-case error even though computational tests have indicated that their relative
margins of error are usually quite small. Many heuristics, especially ones for compli-
cated real world problems (such as telephone network optimization), also appear to
behave in a similar way. An interesting area of future work would be to explore
probabilistic analyses of optimal network heuristics. See Karp [11], [12] for some
examples of probabilistic analyses for various combinatorial problems.

Acknowledgments. I am indebted to Professor Thomas L. Magnanti of MIT for his
encouragement and suggestions concerning this paper. Paulo Villela of MIT also
provided useful comments. This paper was originally presented at the ORSA/TIMS
Conference, New York, May, 1978.
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A PROOF OF TUTTE’S TRINITY THEOREM AND
A NEW DETERMINANT FORMULA*

KENNETH A. BERMANY

Abstract. A new proof of Tutte’s trinity theorem (Proc. Cambridge Phil. Soc., 1948), (North-Holland,
1973) is presented. The proof is based on a new determinant formula for the number of spanning
arborescences of a digraph. This formula generalizes the determinant formula given by Maurer (SIAM 1J.
Appl. Math., 1976) for the number of spanning trees of an undirected graph.

1. Introduction. In his paper “The dissection of equilateral triangles into equi-
lateral triangles”, Tutte generalizes the concept of dual planar maps to a trinity of
alternating planar dimaps [7]. This concept is further developed by Tutte in [8]. An
alternating dimap A is a planar Eulerian map which is oriented so that the edges around
each vertex are directed alternately into and out of that vertex. Such a map has the
property that the number of spanning in arborescences rooted at any vertex equals the
number of spanning out arborescences rooted at that vertex. Further, the number of
spanning out arborescences rooted at every vertex is the same [7]. The arborescence
number of A, denoted by a(A), is defined to be this common number. Tutte proves in
his papers [7], [8] that each dimap of a trinity of alternating dimaps has the same
arborescence number. These proofs are based on graph theoretical considerations. In
this paper an alternate approach employing determinants is given.

The paper is in two parts. The first part, which includes §§ 2 and 3, deals with trinity
and gives a proof of Tutte’s trinity theorem employing determinants. In the second part,
§§ 4 and 5, a new determinant formula for enumerating spanning arborescences is
developed.

In § 2, trinity is defined and it is shown how trinity generalizes duality. Two
approaches are discussed. In § 3, Tutte’s trinity theorem is deduced from a determinant
formula for the arborescence number of an alternating dimap. Following a discussion of
some results from the literature in § 4 the enumeration of spanning arborescences of a
digraph is considered in § 5 and a new determinant formula is obtained. A special case
of this formula was used in § 3 to derive Tutte’s trinity theorem and another special case

is Maurer’s determinant formula [5] for the number of spanning trees of an un-
directed graph.

2. Trinity. Consider an alternating dimap A with edge set E, vertex set V and face
set F. Let P denote the set of faces of A directed counterclockwise and let N denote the
set of faces directed clockwise. We associate with dimap A two alternating dimaps Ap
and Ay as follows. In the interior of each face of P place a vertex. These vertices which
we denote by Vp will be the vertex set of Ap. Consider any vertex ve V. Let

fi, f2, - * -, fx denote the faces from P which are incident with v taken clockwise around
v. Let uy, us, - -, ux denote the vertices from Vp contained in the interior of faces
fi,f2,+ -+, fr respectively. Join vertices u; and u;,, with an edge directed toward u; 1,
i=1,2,---, k where u,+1 = u;. Repeat this for every vertex v € V. The resultant dimap

Ap is an alternating dimap. By an analogous construction using the set N in place of P

we obtain the alternating dimap Ax. Dimaps Ap and Ay are the derived alternating
dimaps of A.

* Received by the editors December 5, 1978.
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It can be verified that the derived alternating dimaps of Ap are Ax and A and the
derived alternating dimaps of Ay are A and Ap. We call A, Ap, Ax a trinity of
alternating dimaps and speak of the property of trinity for alternating dimaps in analogy
with the property of “‘duality” for undirected maps [7], [8].

Trinity is a true generalization of duality. To see this let M be a planar map with
dual map M'. Associated with the map M is the alternating dimap M defined as follows.
Double each edge of M such that the bivalent face created contains no edges in its
interior and orient all the edges such that each of these bivalent faces is directed
clockwise. The resultant map is M. Apply the same construction on the dual map M’ to
obtain dimap M except direct the new bivalent faces counterclockwise. The derived
alternating dimap of M associated with the faces directed counterclockwise is the dimap
M’ and the derived alternating dimap of M associated with the faces directed clockwise
is a 4-valent map M known as the medial map of M and M. Thus M, M', M form a
trinity of alternating dimaps. This shows that duality is a special case of trinity.

Tutte in [8] gives the following approach to trinity. Let T be a plane Eulerian
triangulation whose vertices have been colored with colors 1, 2, 3. Let V;, V5, Vs be the
sets of vertices colored 1, 2, 3, respectively. We now construct three alternating dimaps
A1, A,, Aj having vertex sets Vi, V,, Vi,

We construct A; as follows. (See Fig. 1 taken from [8]). Bi-color the triangle faces
of T black and white such that the outside face is colored white. This can be done since T'
is Eulerian. For x € V; and f;, a black triangle incident with x draw a directed edge of A,
along a median of f, to the midpoint of the opposite side. Continue the edge along a
median of the adjacent white face f,, to the opposite vertex y. It is clear that y € V. (In
the case x and y are coincident the edge drawn is a loop taken with the specified sense of
description.) Thus we have the dimap A; and by a similar construction using vertex sets
V, and V3 in place of V; we obtain dimaps A, and As;.

We now define mappings o 12, 023, 031. Let Ey, E,, E; be the edge sets of A;, A,,
Aj. Consider the mapping o1,: E;1 > E; defined as follows. An edge e € E; intersects
two edges from E,, one at the center of a black triangle and one at the center of a

F1G. 1. (Tutte [8].)
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white triangle. Let o12(e) be the edge from E, which intersects e at the center of
a white triangle. Similarly define functions o3, 031.

The three dimaps A1, A,, As form a trinity of alternating dimaps [8]. Conversely,
given any trinity of alternating dimaps there exists a 3-colored plane Eulerian tri-
angulation which yields them by the above construction.

3. Tutte’s trinity theorem. In this section, a new proof of Tutte’s trinity theorem
[7], [8] is given. The proof employs a new determinant formula for the number of
spanning arborescences.

THEOREM 3.1 (Tutte). Each dimap of a trinity A1, A», As of alternating dimaps has
the same arborescence number, that is

a(A))=a(Az2)=a(Aj).

We deduce this theorem from the following determinant formula for the arbores-

cence number. This formula is a special case of a more general formula derived in § 5,
Theorem 5.1.

THEOREM 3.2. Let A be an alternating dimap with edge set E, vertex set V and face
set F of cardinalities, m, n, | respectively. Let \V be the n X m matrix such that

1 . .
(3.1) V(v, ) = { , € dtrect'ed into v,
0, otherwise
v eV, e€E and let F be the | X m matrix such that
1, ebelongstof,
3.2 o) = { A
e b0 0, otherwise

feF,eceE. Forve Vand feFletV, be the matrix obtained from \ by deleting the row
corresponding to vertex v and let F; be the matrix obtained from F by deleting the row
corresponding to face f. Then the arborescence number a(A) of A is given by

(3.3) a(A)= xdet

We now prove Theorem 3.1. Let A, A,, A; be a trinity of alternating dimaps with
vertex sets V1, V5, V3, and face sets Fi, F,, Fs. Let Py, P,, P3 denote the sets of faces
directed counterclockwise and let N;, N,, N3 denote the sets of faces directed
clockwise.

Consider the function o1, defined at the end of § 2. Function o, maps, (i) the set of
edges around a face from P; onto the set of edges directed into a vertex of V>, (ii) the set
of edges around a face from N; onto the set of edges around a face from P, (iii) the set of
edges directed into a vertex of V; onto the set of edges around a face from N,. Let Vi,
V. be the matrices corresponding to dimaps A; and A, defined by (3.1) and let 4, F, be

the matrices corresponding to dimaps A; and A, defined by (3.2). It follows that the
rows of the matrix
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By Theorem 3.2 this implies that dimaps A; and A, have the same arborescence

number. Similarly, dimaps A, and A; have the same arborescence number. This proves
Theorem 3.1.

4. Results from the literature. Let G be an undirected graph with edge set E and
vertex set V. Let D be a digraph obtained by directing the edges of G. A 1-chain over a
ring R is amapping from E into the elements of R. In this paper we take R to be the field
of real numbers. Let C denote the set of 1-chains. For ¢;, ¢c; € C and A € R we define the
operation + and scalar multiplication - as follows:

4.1) (c1t+ca)(e)=cile)+cale)
4.2) (A - c1)(e)=A(ci(e))

for all e € E. The system (C, +, -) is a vector space over R.

For v e V let 8" (v) and 8 "(v) denote the set of edges directed into v and out of v
respectively. A cycle over R is a 1-chain z such that

(4.3) rozleMH= ¥ z(e)

etes™(v) e”ed (v)
for each vertex v € V. A coboundary over R is a 1-chain b such that
(4.4) ble)= o (h(e))—p(te))

for all e € E where ¢ is a mapping from V into R and h(e), t(e) denote the head and tail
of e respectively. Let Z denote the set of cycles and let B denote the set of
coboundaries. It is immediate that Z and B are subspaces of C and it is easily verified
that they are orthogonal.

For v € V define 1-chains &, 8, 8, as follows.

. 1, v=he),
(“.5) 8u(e)= {0, otheri:i)se,

_ 1, v=t(e),
(4.6) 8o (e)= {O, othelfw)ise,
(4.7) 8,(e) =5, (e)— 5, (e)
for e € E. Set
(4.8) Ay ={8;|lueV-uv},
4.9) A, ={8.|ueV-uo

It is immediate that §, is a coboundary and that A, is a basis for the coboundary
space B. Let B, be the matrix whose rows correspond to the vectors in A,.

A matrix is unimodular if all its full square submatrices have determinants 0, +1,
—1. A unimodular cycle matrix Z is a unimodular matrix whose rows correspond to a
basis of the cycle space Z. There is a unimodular cycle matrix associated with every
spanning tree of G [1). Note that the matrix F; defined by (3.2) is a unimodular cycle
matrix.

The following two determinant formulas for the number #(G) of spanning trees of
G are well-known [1], [5], [6]. (The transpose of a matrix M will be denoted by M'.)

THEOREM 4.1 (Kirchhoff-Trent). ¢(G) =det (B,B.).

THEOREM 4.2. t(G)=det (Z Z').

A third formula is given in Maurer [5].
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THEOREM 4.3 (Maurer).

.....

Theorem 4.1 has been extended to spanmng arborescences of a digraph D by Tutte
[7]. This can be formulated as follows. Let B, be the matrix whose rows correspond to
the vectors in A;. (Note that V, = B, where V, is defined in Theorem 3.2). Let a,(D)
denote the number of spanning out arborescences rooted at vertex v of D.

THEOREM 4.4 (Tutte). a, (D) =det (B; B.).

Theorem 4.1 is the matrix-tree theorem and Theorem 4.4 is the matrix-arbores-
cence theorem.

5. Enumeration of spanning arborescences. In this section the following new
determinant formula for enumerating spanning arborescences is derived.

THEOREM 5.1. The number a,(D) of spanning out arborescences rooted at a vertex v
of a digraph D is given by
B,
(5.1) a,(D) = xdet Z ,

where B, is the matrix whose rows correspond to the vectors in A, and Z is a unimodular
cycle matrix.

Theorem 5.1 is an immediate corollary of the following stronger result. Associate
the indeterminate weights x1, x», - - -, x,,, withthe edges ey, €5, - - -, e,,, of D. The weight
of a spanning arborescence of D is defined to be the product of the weights on the
edges of the arborescence.

THEOREM 5.2. Let D be a digraph with the indeterminate weights x1, X2, * * , Xm
associated with the edges ei, e, * - + , e, respectively. The polynomial A,(x1, X2, * * , Xm)

which is the sum of the weights over all the spanning out arborescences rooted at vertex v of
D is given by

(52) Av(xla X2, ", xm) = xdet

where B, Z are defined as in Theorem 5.1 and X is the diagonal matrix (x4, X2, * * , Xpm).

To prove Theorem 5.2 we employ an extension of Theorem 4.4 to weighted
digraphs. This result which is sometimes called the Bott—-Mayberry theorem [2] may be
formulated as follows.

(5.3) Ay(x1, X2, +, xm) =det B, X By).

Now let ¢ denote the number of spanning trees of D (of the underlying graph G).
Then by Theorem 4.3

+

B.X B,X A
tdet(' s )—:tdet( : )det([B 7).

Since the cycle space Z and the coboundary space B are orthogonal, ZB,= 0 and we

have
B.X B, X[B’ ' B,XZ'
t det (Z)zidet( .......... eeslenenes )

= xdet (B, XB}) det (ZZ').
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Employing Theorem 4.2 and (5.3) gives (5.2) of Theorem 5.2.

Theorem 3.2 used in the proof of Tutte’s trinity theorem is obtained as a special
case of Theorem 5.1 with the observation that V, = B, and F; is a unimodular cycle
matrix.

Maurer’s formula, Theorem 4.3 is also a special case of Theorem 5.1. To see this
consider the digraph G obtained by replacing each edge of G with two edges directed in
opposite directions. It is immediate that

1(G) = a,(G)

for all vertices v of G. It can be shown by simple manipulations that the determinant for
G on the right-hand side of (5.1) is equal to the determinant for G on the right-hand
side of the equation of Theorem 4.3. Thus Maurer’s formula follows from
Theorem 5.1.
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RECTILINEAR STEINER TREES IN RECTANGLE TREES*
ARTHUR M. FARLEYt, STEPHEN T. HEDETNIEMIf AND SANDRA L. MITCHELL#

Abstract. The rectilinear Steiner tree (RST) problem is known to be NP-complete for an arbitrary set of
points in the plane. In this paper we extend the known cases for which solutions can be determined in linear
time to include sets of points which generate types of minimum-distance rectangle trees. Rectangle trees are
rectilinear, plane C,-trees. A minimum-distance rectangle tree is a rectangle tree such that the length of a
shortest path between any two vertices in the graph is equal to the rectilinear distance (in the plane) between
the two vertices. A complete enumeration of minimum-distance rectangle trees is included. The results have
application in the design of terminal patterns and wiring layouts for electronic circuitry.

Introduction. A rectilinear Steiner tree (RST) for a set A of points in the plane is a
tree which contains all the points of A and which contains only horizontal and vertical
edges. An optimal RST for a set of points is an RST in which the edges have minimum
total length. Although the problem of determining an optimal RST for an arbitrary set
of points in the plane has been shown to be NP-complete [2], an efficient (polynomial
time) algorithm has been designed [5] which determines good approximate solutions by
constructing rectilinear spanning trees. Furthermore, efficient algorithms which pro-
vide optimal solutions in several special cases have been determined [1], [3]. In
particular, an O(n) algorithm exists which determines an optimal RST for a set of points
forming a subset of the grid points of a 2xn grid [1]. In this paper we extend this result to
include sets of points which generate certain classes of rectangle trees.

1. Definitions. A rectilinear plane graph is a plane graph [4] having only horizontal
and/or vertical edges. A rectangle tree (RT) is a rectilinear plane graph which can be
constructed from an initial rectangle by a finite number of applications of the following
operation:

Add anew rectangle, identifying one of its edges with an edge e on the exterior face
of the existing graph such that neither vertex of edge ¢ had degree 4.

Rectangle trees form a planar subclass of the class of C,-trees, where a C,-tree is
either a cycle C, with n vertices or a graph obtained by identifying an edge of a new C,
with an edge of an existing C, -tree [6]. If each cycle were considered to be a vertex and
its neighbors to be those cycles with which it shared an edge, the resultant graph would
be a tree. Several examples of RTs are presented in Fig. 1. A ladder is a single edge or an
RT containing no vertices of degree 4. An L is an RT containing exactly one vertex of
degree 4. A cross is an RT containing exactly four vertices of degree 4 which form a Cj.
A T is an RT containing exactly two vertices of degree 4 which are also adjacent.

In the results that follow we will need to refer to the various components of a given
rectangle tree. They are defined as follows. An end-edge is an edge both vertices of
which have degree 2; a rectangle containing an end-edge is an end-rectangle. A
maximal induced ladder of an RT is a ladder subgraph of the RT such that the ladder is
not a subgraph of another ladder contained in the RT. An arm of an RT is a maximal
induced ladder of the RT. Figure 2 illustrates the arms of one RT. A branch of an RTisa
maximal induced ladder of the RT containing an end-edge (a’, b') but no vertices of
degree 4. Every branch of an RT such that the RT itself is not a ladder is attached to the
rest of the RT at two adjacent vertices r,, r,, at least one of which has degree 4. We refer

* Received by the editors May 17, 1978, and in revised form March 16, 1979.
+ Computer Science Department, University of Oregon, Eugene, Oregon 97403.
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to the edge (., 7,) as the remote edge of the branch; the edge of the ladder (a, ) which
forms a rectangle with (r,, 7;,) is called the initial edge of the ladder. Figure 3 illustrates
the branches of one RT.

Finally, a set A of points in the plane generates an RT, denoted RT(A), if there
exists an RT which can be constructed according to the definition above such that (1) at
least two nonadjacent vertices of the initial rectangle coincide with points in A, and (2)
at least one vertex of each new end-edge and at least one vertex of the existing edge
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which is identified with an edge of the new rectangle are in A. Figure 4 demonstrates
that not every set of points in the plane generates an RT.

The problem of determining whether a set of points generates an RT is likely to be
NP-complete in the general case. The problem can be solved in linear time for certain
special cases as is shown later. A necessary property of a set of points which generates an
RT follows from the definitions above and the following one. A point p of a set of points
A is rectilinearly isolated if there are no other points of A on the horizontal and vertical
lines through p. If A contains more than two points and A generates an RT, then at most
one point of A is rectilinearly isolated. Unfortunately, this is not a sufficient condition
for a set of points to generate an RT.

2. Separable RTs. Let /(e) denote the length of edge e, and let the width of a
branch B with end-edge (a’, b') be w(B) =1(a’, b'). A separable RT is an RT such that
for every branch B, w(B) =I(a, r,) (i.e. the length of the edge joining the remote vertex
r. and the initial vertex a is not less than the width of the branch), and if one removes
branch B from the RT then the remaining RT is separable. A set A of points generates a
separable RT if there exists an RT(A) which can be constructed such that the length of
the edge of the new rectangle which is identified with an existing edge is not greater than
the length of the edge between this edge and the new end-edge. This condition is
sufficient, but not necessary, for the resulting RT to be separable.

An RT-optimal RST for aset of points A which generates arectangle tree RT(A) is
an optimal RST for A which is a subgraph of RT(A). In other words, an RT-optimal
RST is a solution to the rectilinear Steiner tree problem for the subset of vertices A
within the graph RT(A). Our interest in separable RTs stems from the fact that

whenever a set A of points generates a separable RT, we can solve the RST problem for
RT(A) in linear time.

FiG. 4
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3. A linear algorithm for obtaining an RT-optimal RST in a separable RT. The
following Algorithm RT repeatedly determines an RT-optimal RST for each branch of
a given separable RT(A). In the case of a branch which is a single edge, the solution is
trivial. For a nontrivial branch, Algorithm RT uses the dynamic programming
algorithm of Aho, Garey and Hwang[1] to determine an RT-optimal RST for branch B,
denoted S(B). After each branch solution is determined, it is joined to a remote vertex
and the branch is pruned from the RT. The algorithm halts when a branch has no remote
edge (i.e. the RT has been reduced to a ladder). After application of Algorithm RT, the
variable ORST has as its value the set of edges constituting an RT-optimal RST for the
set A in RT(A). Algorithm RT is formally defined as follows:

ALGORITHM RT
[Initialize] set G« RT(A)
set ORST « &
[Each branch] while there exists a branch B in G
do [ find RST of branch]
if B consists of the single edge (a’', b')
then [both vertices in A?)
ifa'e Aandb'€ A
then set ORST < ORST U{(a’, b")}
fi
else use Aho-Garey—-Hwang Algorithm to obtain S(B)
set ORST < ORST U S(B)
fi
[join to solution for entire tree]
if remote edge (14, 1) of B is null
then STOP
else [ join a or b to the remote edge]
if only one initial vertex, say a, is an element of A
then set ORST « ORST U{(a, r,)}
set A< AU{r,}
else if r, € A then set ORST « ORST U{(a, r,)}
else set ORST < ORST U{(b, r,)}
fi
fi
fi
[delete branch from the graph]
set G« G—(BU{(a,r), (b, 1)}
od

THEOREM 1. Algorithm RT determines an RT-optimal RST for any set A of points
which generates a separable RT, RT(A). Algorithm RT can be implemented so as to
require only O(n) computational steps, where n is the number of points in A.

Proof. The correctness of Algorithm RT is readily established. The Aho-Garey—
Hwang algorithm has been shown to determine an RT-optimal RST for the set of points
in any nontrivial branch. The solution for each branch is joined in a manner which
minimizes the length added to the overall solution. The edge which is added is of
minimum length and it is added so that no unnecessary edge is added to the rest of the
solution. Since RT(A) is separable, joining the branch solution to the overall solution by
a single edge is a globally optimal decision. Any overall solution which includes two
edges connecting a branch to the overall solution can be replaced by one using only one
such edge and an edge traversing the width of the branch. Since the width of a branch is
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less than or equal the length of an edge connecting a branch to a remote vertex, this new
solution will have overall length less than or equal to that of the original. The RT G is
finally reduced to a ladder with a null remote edge, which leads to the completion of the
algorithm’s execution.

The Aho-Garey-Hwang algorithm determines a branch solution in time (compu-
tational steps) linearly related to the number of points of A in the branch. The joining
procedure requires a constant amount of time per branch. It only remains to show that
the total time spent finding branches is also O(n). The branches, which are identified by
end-edges, can be found by making an initial O(n) pass over the vertices and edges in
RT(A) and forming a list of all adjacent pairs of vertices of degree 2. This list can be
updated in constant time as each branch is deleted. Thus, Algorithm RT has O(n) time
complexity. [

Algorithm RT produces approximate solutions for nonseparable RTs. In a non-
separable RT, the decision to join a branch solution by a single edge may not be globally
optimal. A better solution may use two edges to join the branch solution while
eliminating an edge which crosses the branch. The solution produced by Algorithm RT
exceeds the optimal solution in length by less than the sum of the widths of the solved
branches. The performance of Algorithm RT on nonseparable RT can be improved by
the following modifications.

(1) as each branch solution is joined to the remote edge, mark the remote edge
“special” if there are elements of A on both sides of the branch whose distance
to the remote edge is less than the width of the branch;

(2) after each branch solution is determined, for each edge which is marked
“special”” and is a member of that solution eliminate the nearest parallel edge in
the overall solution which lies in the branch adjacent to the special edge and
add edges to reconnect the disconnected side of that branch to its remote
vertex.

Figure 5 illustrates this adjustment procedure, where ‘“ X’ marks the special edge. In the
case of a nonseparable L, T, or cross, all special edges will be elements of the same
rectangle of the RT. As such, Algorithm RT can be further modified to determine the
overall RT-optimal RST for such a graph while maintaining the linear time bound.
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4. Minimum-distance RTs. A minimum-distance RT is an RT such that the length
of ashortest path in the RT between any two vertices of the RT is equal to the rectilinear
distance (in the plane) between the two vertices.

THEOREM 2. Any ladder, L, T, or cross is a minimum-distance RT.

Proof. Let G be such a graph and u and v be two vertices of G. If a path can be
found between u and v which contains at most one right-angle turn, then that path has
length equal to the rectilinear distance between the two vertices. It is easy to see that any
two vertices in a ladder, L, T, or a cross are either joined by a straight path or a path with
exactly one right-angle turn. 0

Let A be a set of points in the plane. Consider the rectangular grid formed by
drawing a horizontal and a vertical line through each point. Let G(A) be the plane
graph denoting that portion of this grid enclosed by the largest rectangle formed by the
grid lines. Consider the intersection of a horizontal and vertical grid line to be a vertex
and a line segment connecting two such vertices to an edge.

Let A be a set of points generating an RT such that RT(A) is a minimum-distance
RT. We want to show that there exists an optimal RST (in the plane) for A which
consists solely of vertices and edges of RT(A). To accomplish this we present the
following results. The first is immediate from the definitions, the second is due to Hanan
[3].

LeMMA 3.1. RT(A) is a subgraph of G(A).

LEMMA 3.2. There is an optimal RST for A which is contained in G(A).

Let R denote an optimal RST for A contained in G(A). Let the interior of RT(A)
be the vertices and edges of RT(A). Let the exterior of RT(A) be the rest of G(A). Let
Ry be that part of R lying in the exterior of RT(A).

The following two lemmas relate points or paths in the exterior of RT(A) to the
interior of RT(A).

LEMMA 3.3. A straight path in Ry has at most one end which is a vertex of RT(A).

Proof. Since RT(A) is a minimum distance RT, any straight path whose ends are
both vertices of RT(A) must be in RT(A). 0O

LEMMA 3.4. Vertices in the interior of RT(A) lie in only two of the four possible
rectilinear directions from any vertex in the exterior of RT(A). Furthermore, one direction
is horizontal (left or right) and the other is vertical (up or down).

Proof. Since a vertex v in the exterior is within G(A), points of A lie in at least one
vertical and one horizontal direction from v. If points on the interior were to lie in
opposite directions from v, there would exist a path through v which would interconnect
two vertices of RT(A) such that this path would have length less than that of the shortest
path connecting them in RT(A). This would contradict the assumption that RT(A) is a
minimum-distance RT. 0

Lemma 3.4 implies that each connected subgraph of the exterior of RT(A)
contains a corner vertex of the rectangle which bounds the exterior face of G(A).
Therefore, there can be at most four such graphs in the exterior of RT(A). Furthermore,
a subgraph contains edges on two sides of the rectangle bounding the exterior face of
G(A). The specification of an operation which will eliminate all edges and vertices of
R, while maintaining an optimal RST for the set A will complete preparation for our
theorem.

A segment of R, is a maximal straight pathin R.,.. The operation we shall employ
is the segment shift. The segment shift operation is applicable to a segment of Ry,
nearest the exterior boundary of G(A). The operation moves the segment so that it lies
on the adjacent parallel grid line of G(A) which is nearer the interior of RT(A). The
shifted segment can only have other segments of R.,, attached to it on the side toward



76 ARTHUR M. FARLEY, STEPHEN T. HEDETNIEMI AND SANDRA L. MITCHELL

the interior of RT(A), since it is nearest the outside boundary of G(A). These attached
segments are shortened to remain connected to the shifted segment on the same side.
The shifted segment is merged with any segment at its new position which it abuts or
overlays. If one end of the shifted segment is a vertex of RT(A), an edge is added to R,
interior to RT(A), connecting the new end vertex to the previous end vertex. If the
addition of that edge creates a cycle in R, the edge is not added. The segment shift
operation maintains R as a tree, since connectivity is maintained and no cycles are
introduced. Furthermore, the operation does not increase the overall length of the tree,
as only one edge may be added and this is offset by the removal of at least one edge of
the same length. Thus, R is maintained as an RST.

LeEMMA 3.5. The shifted segment has one end which is a vertex of RT(A) and has
only one segment attached to it in the direction of the interior of RT(A). Furthermore, the
shifted segment does not overlay a segment of Ry, at its new grid position.

Proof. Any other situation would result in a reduction in the length of R. This would
contradict the assumption that R is an optimal RST. O

We are now in a position to state and prove our major result concerning the
inclusion of an optimal RT within RT(A).

THEOREM 3. Given a set A of points generating a rectangle tree RT(A) such that
RT(A) is a minimum-distance RT, there exists an optimal RST (in the plane) for A
consisting solely of vertices and edges of RT(A).

Proof. Let R denote an optimal RST for A contained in G(A). Assume that R is
not strictly contained in RT(A). Let R.,: denote that part of R lying in the exterior of
RT(A), as defined above.

Since there is a finite number of grid lines in each subgraph of the exterior of RT(A)
and the segment shift operation reduces the maximum distance of segments of Ry from
the interior of RT(A) by one grid line, a finite number of applications of this operation
eliminates all segments of R,y in a given subgraph of the exterior of RT(A). Since there
are at most four such subgraphs, Rex can be eliminated, yielding an optimal RST
consisting only of edges and vertices of RT(A). 0

To look at this another way, Lemma 3.5 implies that in each subgraph of R, there
is at most one simple path connecting two vertices of RT(A). Since RT(A) is a minimal
distance RT(A), the path in R.,, can be replaced by one within RT(A) of equal length.

This now allows us to extend the usefulness of Algorithm RT.

THEOREM 4. Given a set A of points in the plane generating RT(A) such that RT(A)
is a minimum-distance, separable RT, Algorithm RT determines an optimal RST (in the
plane) for set A.

Proof. Since there exists an optimal RST for A which consists solely of vertices and
edges of RT(A), Algorithm RT not only determines an RT-optimal RST but also
determines an optimal RST for set A. 0

5. Characterization of minimum-distance RT’s. Since Algorithm RT determines
an optimal RST for sets of points generating separable, minimum-distance RT’s, a
further characterization of minimum-distance RT’s would be useful.

Two vertices of an RT interact if there exists a straight path between them in the
RT.

THEOREM 5. Let Tbhe an RT. Tis a minimum-distance RT if and only if every pair of
vertices of degree 4 which interact in T are connected by an interior edge of T.

Proof. Let T be a minimum-distance RT. Let u and v be interacting vertices of
degree 4. Let p be the straight path between u and v in T. There are two edges incident
to both u and v which are perpendicular to path p. If T is a minimum-distance RT, all
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four of these edges must be elements of the same arm of T. This can only be the case
when path p is an interior edge of T.

Let T be an RT such that every pair of vertices of degree 4 which interact are
connected by an interior edge of T. Let u and v be any two vertices of T. If a directed
path p exists from u to v which has edges directed in only one or two of the four
rectilinear directions then p is a minimum-distance path. Let A;,--:, A, be the
sequence of arms within which the directed path p from u to v must lie, where u e A,
andv e A, (n=1). Certainly, if n =1 or 2, then p has minimum distance. If n > 2, then
the path is continued by connecting the path to the nearest vertex in A; and similarly
continued for greater n. If p must contain a third rectilinear direction, it will be due to
opposite directions which must be chosen in A; and A;.2, 1 =i = n — 2. This implies that
the path chosen to connect A; and A;., must connect two vertices of degree 4.
Furthermore, the path through A;.; is not an interior edge. This contradicts the
assumption about interacting vertices of degree 4in 7. 0O

‘We next show that every minimum-distance RT falls into one of 11 classes of
graphs. In order to do this, we give the following, equivalent definition of a rectangle
tree. A graph G is a rectangle tree if and only if it can be constructed from a (non-trivial)
ladder by a finite number of applications of the following operation:

Form a new RT by adding a new ladder, joining it to the existing RT by identifying
one rectangle of the ladder with one rectangle of the RT, in such a way that the new
ladder becomes an arm of the new RT.

This definition is equivalent to our initial characterization. Each rectangle added
by that definition either extends an existing arm or begins a new arm which shares a
rectangle with an existing arm. Therefore, any given RT can be constructed by
repeatedly sharing a rectangle of an existing RT with a rectangle of a new ladder. There
are only four types of rectangle-sharing operations. These are as follows:

(1) a CROSS-share: the shared rectangle is not an end-rectangle in either the

existing RT or in the new ladder;

(2) an END-T share: the shared rectangle is an end-rectangle in the existing RT

but not in the new ladder;

(3) aSIDE-T share: the shared rectangle is an end-rectangle in the new ladder but

not in the existing RT;

(4) an L-share: the shared rectangle is an end-rectangle in both the existing RT

and the new ladder.
Figure 6 illustrates each of the above operations, the new ladder being shown as dotted
in each case.

A segment of an RT is a straight path of maximal length =2. An open segment is a
segment containing no vertices of degree 4. When a new ladder is added to an existing
RT by one of the above four sharing operations, either one vertex of degree 4 or two
adjacent vertices of degree 4 are created on one or two segments of the existing RT.

THEOREM 6. Let T be an RT. T is a minimum-distance RT if and only if T can be
constructed in such a way that when new ladders are added, vertices of degree 4 are
created only on open segments of the existing RT.

Proof. The proof follows immediately from Theorem 5. [

By definition, a rectangle has no segments. An extended ladder is a ladder
containing more than one rectangle. An extended ladder has two open segments. The
L-share operation leaves the number of open segments unchanged. The END-T share
and SIDE-T share operations reduce the number of open segments by one, while the
CROSS-share operation reduces the number of open segments by two. As such, there
are never more than two open segments in any RT.
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The above result and Theorem 6 allow us to completely enumerate all classes of
minimum-distance RT’s. Figure 7 presents a generation graph of the classes of mini-
mum-distance RT’s. The extended ladder is the root. Each directed arc of the diagram is
labeled with the number of the share operation producing the new class of minimum-
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ladder
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distance RTs—where operation 1 is the CROSS-share, 2 is the END-T -share, 3 is the
SIDE-T -share, and 4 is the L-share. A star indicates one or more applications of the
operator. Each class of RTs with no exiting arc contains no open segment upon which to
build. Figure 8 presents an illustration of each class of minimum-distance RT intro-
duced in Figure 7.
COROLLARY 6. A graph G is a minimum-distance RT if and only if G is a member of
one of the following classes of graphs:
rectangle
extended ladder
L
T
LT
. 2T
cross
split-cross
stair
T-stair
2T-stair

ROV RXNOUNAEWN =

.
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6. The recognition problem for minimum-distance RT’s. The usefulness of
Algorithm RT would be greatly enhanced if it could be coupled with a polynomial time
algorithm for deciding whether an arbitrary set of points in the plane generates a
minimum-distance RT.

Although we have not been able to produce a polynomial algorithm for recognizing
an arbitrary minimum-distance RT, it is easy to construct a linear algorithm for
recognizing rectangles, extended ladders, L’s, T’s, LT’s, crosses, and split-crosses.
These graphs all contain a determinate number of vertices of degree 4.

The recognition algorithm requires (expects) one or two columns of points (a
rectangle or extended ladder), followed by one or two rows of several points, none of
which lie between the prior two columns (an L or T), followed by one or two columns of
points which are aligned with earlier points (a T, LT, cross, or split-cross). The
algorithm is applied in each of the four rectilinear directions, accepting the set if
succeeding in any direction. The number of steps is linearly related to the number of
lines in G(A) which is linearly related to the number of points in A. This recognition
algorithm is formally described elsewhere and other more general algorithms are under
study [7].

Once a minimum-distance RT has been recognized it is a simple matter to
determine whether or not it is separable. A traversal of the edges on the exterior face of
the graph is sufficient.

7. Summary. In this paper we have introduced the class of rectangle trees and two
special subclasses: separable and minimum-distance RTs. We have shown
(i) that a linear algorithm exists for finding an RT-optimal RST in a separable
RT;
(ii) that alinear algorithm exists which determines optimal RSTs for sets of points
in the plane generating minimum-distance, separable RTs;
(iii) that the class of minimum-distance RTs can be characterized completely by
eleven subclasses of minimum-distance RTs;
(iv) thatalinear algorithm exists for determining whether an arbitrary set of points
in the plane generates a ladder, cross, T, L, LT, or split-cross.
A natural application for these results is in the design of wiring or printed circuit
layouts interconnecting a subset of terminals embedded in the plane. We extend the set
of allowable terminal patterns to include separable, minimum-distance RTs. These

FiG. 9
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results appear extendible to RTs in which neighboring, parallel arms are separated by
distances sufficient to guarantee that the space between them should be traversed at
most once. Interesting questions based upon generalizations of our work suggest
themselves. For example, a rather conservative generalization leads to the question:
Can the RT-optimal RST problem be solved in polynomial time for sets of points which
generate two-wide rectangle trees? The basic building block of two-wide rectangle trees

is the ladder containing two rectangles. Figure 9 presents an example of a two-wide
rectangle tree.
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ON THE SEQUENTIAL SEARCH FOR
SPATIALLY-DISTRIBUTED EVENTS*

ARNOLD BARNETTt{ AND JOHN MAZZARINO%

Abstract. Events arise at two points according to independent Poisson processes; their durations are
independent and identically distributed random variables. An observer can make visits to the two points, and,
on any particular visit to either point, can detect all events then going on there. There is a ‘‘dead time”
associated with travel from one point to the other. The problem is: What should the observer’s visiting
strategy be if his goal is to maximize the steady-state fraction of events he observes at least once? We prove a

series of theorems about an optimal search strategy that ultimately provide the basis of an algorithm shown to
converge to that strategy.

Introduction. In a recent paper [1], one of the current authors considered the
following problem:

Events arise at a series of discrete points according to independent Poisson
processes. The durations of different events are independent and identically distributed
random variables, and several events can occur simultaneously at any point. At instants
of time exactly one unit apart, an observer can visit any one of the points; when visiting a
point he detects all events then going on there. Under what strategy should he make his
visits so as to maximize the steady-state fraction of events he observes at least once?

The problem was solved completely when events could arise at only two points and,
more generally, it was shown that there is a cyclic optimal search policy. An ‘“‘exclusion”
theorem identified some points the observer need never visit, while a “‘coexistence”
theorem showed that, in some circumstances, a search problem with N points could
properly be decoupled into a series of two-point problems.

The paper just described was motivated by a concern for search efforts for events
that arise randomly in time and space and, after a short period, disappear. Such search
problems differ substantially from those whose targets are stationary. Police patrols
intended to intercept crimes in progress, for example, are successful only if they pass the
scene of the crime while it is still going on. A radar scanner that focuses on an area after
a missile has passed through it will not detect the penetration. On a desolate road, a
state patrol vehicle might have to reach an accident within a certain time of its
occurrence; otherwise lives will be lost.

The model in [1] captured many salient features of such search problems, but was
strikingly unrealistic in one major respect. It was assumed that the observer could move
between any two points between successive instants of search, and thus that physical
distances imposed no constraints on possible search strategies. The idyllic character of
that assumption warrants the paper’s admission that it “is not itself greatly applicable to
practical problems,” and leads one to wonder what the optimal search policies would be
if the restrictions on the observer’s mobility were explicitly considered. A simple
investigation into this matter is the subject of this paper.

We concentrate on search models in which events are generated at two different
points. Such models form the simplest discrete approximation to a continuous region
consistent with the concept of spacially-distributed events. There is transit-related
“dead time” (not necessarily the same in both directions) associated with the observer’s
moving from one point to the other. We prove a series of theorems that, taken together,

* Received by the editors August 24, 1978. This research was supported in part by the Office of Naval
Research under contract N 00014-67-A-0204-0063.

t Sloan School of Management, Massachusetts Institute of Technology, Cambridge, Massachusetts
02139.
1 Peat, Marwick and Mitchell, Washington, D.C.
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provide the basis for an algorithm that is shown to converge rapidly to an optimal
sequential search policy. The hope is that the models considered, though highly
idealized, capture enough of the dynamics and constraints of certain search problems
that their solutions provide useful “rules of thumb” about the proper allocation of
effort.

We end the paper with some numerical examples, and a brief discussion of some
related work by Chelst [2] and of the difficulties that attend attempts to generalize the
results to problems in which events arise at three or more points.

1. A two point search model. Events arise at two points, 1 and 2, according to
independent Poisson processes with parameters A; and A, respectively. The durations of
various events are independent and identically distributed random variables, with
cumulative distribution function F(x). There is no limitation on the number of
simultaneous events at either point. An observer can make periodic visits to the two
points; on any particular visit to either point, he notices all events then going on there.
After a visit to point i, the observer has two options for his next visit: (1) return to point i
one unit of time later or (2) go to the other point j, and arrive there after a trip time Cj;.
(j=3—i;we assume C;>1.)

We make the tacit assumption that, on detecting an event, the observer loses no
search time dealing with it. This assumption is sometimes realistic; when an accident is
observed from a traffic helicopter, for example, it seems more likely that the pilot will
radio for emergency help than land himself.

The problem is: What should the observer’s visiting strategy be if, over an
extremely long period, his objective is to maximize the expected number of new
sightings per unit time? (This goal is equivalent to maximizing the steady-state fraction
of events observed at least once.) We will proceed below to prove some theorems about
characteristics of the optimal search policy; taken together, they lead directly to the
precise optimal policy for given A;, A, and F(-). We begin with some useful general
observations.

Let a,, be the expected number of events seen for the first time when the observer

returns to point 1 after an absence of exactly w time units. Asis shownin[1], a,, is given
by:

a, = jw AM[1-F(¢)] dt.
(1]

F(t), a probability distribution, is a nondecreasing function of ¢ that grows from Oto 1;
from this fact is follows that (i) a, is a nondecreasing function of w and (ii) d,, =
aw+1— a, is a nonincreasing function of w. The quantity b,,, analogous to a,, for point 2,
follows b, = Ba,, where B =A,/A;. We will assume for convenience that A;>A,,
although the special case A; = A, presents no added problems. We also assume that
lim, . a, is finite; this is equivalent to assuming that the event durations have a finite
mean.

What we want to do is specify the pattern of visits to 1 and 2 that yields the highest
expected detection rate in terms of the relevant a,,’s and b,,’s.

2. On restricting search to the busier point. Not surprisingly, the search policy
under which the observer remains at (slower) point 2 is inherently nonoptimal. Under
this policy, the observer visits 2 at intervals of one time unit, and thus witnesses new
events at an average rate b; per unit time. This quantity is strictly lower than the
observation rate a, that can be achieved if the observer simply stays at point 1; hence an
optimal search policy must allocate some portion of the visits to the busier point.
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Theorem 1 proved below identifies the circumstances in which all the search effort
should be devoted to 1.

THEOREM 1. Let boo=limw_>oobw, c=c1p+Cr1, So= boo+ac —ca, hk =
bi+dcix—ay, and A =min {k/hi =0} where k is a nonnegative integer. The policy of
making observations only at point 1 is optimal if and only if sq+H(A)<O0, where
H(A)=Yi23 h;for A>0 and H(A)=0 if A=0.

If the observer is currently at 1, he should not make any round-trips to 2 unless,
over the duration of the excursion, he can make new sightings at a rate' higher than ay,
the rate he could achieve by ‘“‘staying put.” Let ¢ = C12+ C,; be the round-trip travel
time for a 1-2-1 journey. Consider a trip under which the observer goes from 1 to 2,
stays there for k time units (k is assumed a nonnegative integer), and then returns to 1.
He witnesses b« or fewer new events on arriving at 2, then b; more events in each of his
further visits there, then a.., events on his return to 1. Hence his overall sighting rate is
bounded from above by (b + kb1 + a.+«)/(c + k); this falls below a; unless Sy, defined by
Sk =boo+kby+acr —(c+k)ay, exceeds zero. Thus if S, <0 for all k, the observer
should never leave 1.

Note that S, (which corresponds to a trip with “no layover” at 2 follows
So = b+ a.—ac, while for k =0, there is the recursive relationship: Sy.1 = S + Ay,
where hi =b,+d.. . —a, (again, d,, =a,+1—a,). Let A=min (k|h=0). Note that
because d,, is nonincreasing in w, h is nonincreasing in k.

Since for k>0 S, = SO+Z;~:& hj, it is clear that if So<0 and Z,’:ol h; <|S,|, then
S <0 for all k. This is the most general condition under which all S;’s are negative and,
for this reason, searching at 2 is unwarranted. Is it possible that even if some S, ’s exceed
zero, point 2 should be ignored by the observer? The answer to this question is “no,” as
we explain below.

Suppose that S, >0 for a particular k, and consider the search policy under which
the observer leaves 1 for 2 every n units, stays at 2 for k units and, on returning to 1,
remains there n —c¢ —k units before his next departure. Straightforward calculations
make clear that this policy yields a detection rate higher than a; (i.e. is better than just
staying at 1) if

Sk - (boo - bn—c—k) >0.

Since lim,, .« by, = b and Si > 0, there must exist some »n for which Sy > b — b, —c—y,
which implies the nonoptimality of devoting all effort to point 1. This completes the
proof of Theorem 1.
Because A is nonincreasing in k the following corollary to Theorem 1 arises:
COROLLARY 1. If So=0 and ho=0, the optimal search strategy is to make all
observations at point 1, and this to achieve a sighting rate of a, new events per unit time.

3. Some remarks on the optimal strategy. The following remarks about the
optimal search strategy facilitate the task of finding it. Their proofs, which are fairly
straightforward, are omitted.

Remark 1. If the optimal search strategy involves visits to both points, the
observer should only leave one point for the other immediately after an instant of
search.

Remark 2. One can achieve the maximum possible sighting rate under a cyclic
search strategy, in which (i) the time between successive 1 - 2 trips is unchanging and (ii)
the time the observer spends at 2 is the same on all visits.

! For the remainder of this paper, we will use “rate’’ to mean expected rate and, in all discussion, consider
only average detection rates.
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Remark 2 means there is an optimal strategy characterized by two parameters, n*,
its complete cycle length and k*, the length of each visit to point 2.

Remark 3. Let k be the set of integer visit lengths at 2 for which S, > 0. & is a finite
set, and k*, the length-of-stay under the optimal policy, is contained in it.

Remark 4. n*, the cycle length of the optimal search policy, is bounded from below
by ¢ +2k*.

Remark 4 reflects the nonoptimality of spending more time at 2 than at 1.

Remark 5. n* is finite unless, because of Theorem 1, the observer should never
leave 1.

Remark 3 implies, among other things, that k* is bounded from above by ko, which
is defined as the largest k for which Sy > 0. Theorem 2 below gives a better upper bound
on k*, in the sense that the bound never exceeds k¢ and often falls considerably below it.
It is the first of three forthcoming theorems that reduce drastically the number of serious
candidates for k* and n*.

4. Reducing the candidates for optimal policy.

THEOREM 2. k™ is bounded from above by the quantity A, where A is the smallest
nonnegative integer for which (b1—a1)+da+. =0.

The “A” just mentioned is, of course, the same A as appeared in Theorem 1. To
prove the theorem we must first prove two lemmas:

LEMMA 2A. Let k(n) be the optimal choice of k given that the cycle length is fixed at
n. Then lim, o k(n)=A.

The expected detection rate E(k, n) under the cyclic search policy with parameters
n and k follows:

kbi+b,_+acik +(n—c—k)a1_ +Sk+(b,,_k“boo)

E(k, n)= n ay n

Since E(k, n) can exceed a; only if S, >0, we know that k(n) cannot be greater than ko
defined above. As noted earlier, successive S;’s are related by the equation: S;.1=
Sk + hi. Because A is the smallest integer for which A, <0, S4 must be the largest of the
Sk’S.

As n gets very large, it is clear that b, _; — b~ O for all k = ko. Thus beyond some
threshold n, the E(n, k)’s for k =k, are sufficiently close to a;+Si/n that they are
maximized when k = A ; this completes Lemma 2A.

LEMMA 2B. If n>n', then k(n)=k(n').

For notational ease, we write k(rn) = k and k(rn') = k' in this proof. If, for a given n,
there are two or more k-values that tie for optimal, we define k(n) as the smallest.

Suppose that n>n' but k(n')> k(n). From the definitions of k(n) and k(n') we
have the two relationships.

(A) by—w+k'bi+aci+(n'"—c—ka1>b, _x+kbi+acik+(n'—c—k)ay
and
(B) bp_x+kbi+acik+ (n —-C— k)al =b,_x+k'bi+aci+ (n —-C— k')al.

Let L o(R4) be the left (right) hand side of (A), and let L and Rg be the corresponding
quantities of (B). Since L — R > L — R, it follows that:

(C) bn—k'—bn’—k >bn—k'_bn’—k’-

Given the concavity of the function b, inequality (C) is inconsistent with the assumption
that k' > k. Thus we can conclude that k' =k as claimed.
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Taken together, Lemmas 2A and 2B immediately imply that k(n*) = A, which was
to be proved.

THEOREM 3. Let E(k, n) be the detection rate under the cyclic search policy with
parameters k and n. If E(k, n)>E(k, n+1), then E(k,n)> E(k, n +q) where q is any
positive integer.

As noted earlier, E(k, x) follows:

kb1+ac+k +(x —C —k)a1+bx—k
x .

D) E(k,x)=

That E(k, n) exceeds E(k, n + 1) readily implies the relationship
(E) a1+Bd,,_k <E(k, n)

where B = A,/A; as before.
From Equation (D), we see that E(k, n) will exceed E(k, n +q) if and only if:

q—1
(F) qa1+B Z dj+n—k <qE(k, n).
i=0

Since djin+k =dn+r for j>0, the left-hand side of (F) is bounded from above by
q(a;+Bd, ). Therefore, multiplying (E) by q implies that condition (F) must be
satisfied if E(k, n)> E(k, n +1), which proves Theorem 3.

Theorem 3 is useful in that it suggests an orderly procedure for finding an optimal
policy. For a given ‘‘serious” value of k, one first calculates E (k, n) for n = ¢ +2k. One
then proceeds iteratively both to increase n by 1 and calculate E(k, n), until one reaches
7, the first cycle length whose detection rate is not the maximum achieved so far. (i.e.
E(k, 7—1)> E(k, 7)). Because of Remark 5, we can be confident that 7 is finite; from
Theorem 3, we know that E(k, 7—1)> E(k, 7+ q) for all positive integers q. Thus we
can treat the cyclic policy with parameters (k, 7 —1) as the ‘“candidate” for optimal
policy tied to the given value of k. We could obtain the “candidates” for best policy for
each k that satisfies both Remark 3 and Theorem 2; the one with the highest detection
rate must be an optimal policy.

The approach just described figures prominently in an algorithm for finding n* and
k* to be presented in the next section. One last theorem, proved below, allows further
simplification of the search for an optimal strategy. We have already shown that in
searching for k*, one can exclude all k-values outside a certain range. Theorem 4
implies that, even within that range, it is often unnecessary to consider all values of k.

THEOREM 4. Let v(k) be the highest attainable sighting rate under the constraints
that (i) all visits to 2 must be exactly k units long and (ii) each cycle length must be at least
c+2k. Ifv(k)>uv(k +1) for a particular k, then v(k) > v(k + q) for any positive integer q.

To prove Theorem 4 it is sufficient to show, for any k and any g >1, that if
v(k+q)>v(k), then v(k+1)>v(k). For notational and conceptual ease we will
establish this result for the special case kK =0 and g = 2; the reasoning for the general
case is wholly analogous.

Let wo be the maximum cycle length for which E(0, wo) = v(0). (We say “maxi-
mum” to cover the case where v(0) is achieved under consecutive cycle lengths.) By
definition of v(0), the inequality E(0, wo) > E(0, wo+ 1) prevails; hence Equation (D)
implies that*

v(0)>a;+[b(wo+1)—b(wo)]

2 In this proof, we write b, = b(x) and d, = d(x) for clarity.
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or
(G) v(0)>ay,+ Bd(w,).

If wo> ¢, we have the further relationship E (0, wo) = E(0, wo— 1), which leads to:
(H) v(0)=a;+d(wo—1) if wo>c.

It turns out that in proving Theorem 4, one must deal separately with the cases
wo = c (i.e. when the observer shuttles between 1 and 2 with no pauses at either point)
and wo > c. We consider below the case wo > c; the argument when w, = ¢ is similar but
simpler. The general approach is to show that if v(2) > v(0), one can construct a policy
with k =1 whose detection rate exceeds v(0). Important to the construction is the
lemma below.

LEMMA 4A. Let wo=max (n|E(0, n) =v(0)). If v(2)>v(0), then E(2, wo+2)>
v(0).

We prove Lemma 4A for w, > c; it is also true for wo = c. The proof uses indirect
reasoning.

Simple manipulations with Equation (D) yield the relationship:

) BQ,x+1)=—E@ 0+ 1 —(a,+Bd(x~2)).

X+

Equation (J) reminds us that E(2, x + 1) is actually a weighted average of E(2, x) and
a, + Bd(x —2), the latter quantity being the incremental detection rate when the cycle
length is raised from x to x + 1. Now suppose E(2, wo+2) = v(0) although v(2) > v(0).
Taken together, (G) and (J) imply that if E(2, wo+2)<v(0), then E(2, wo+3) <v(0)
and, because of the concavity of d( ), it follows inductively that E(2, y) <wv(0) for all
y Zwo+2. Let wy=max (n|E(2, n) =0(2)). Since v(2)>v(0) by hypothesis, we have
just shown that if E(2, wo+2) <v(0), it must be true that wo <wgo+2.
If w,<wo+2, one can use (D) to obtain:

Y2 )+

(XK) E(2, +2)=
2, wo+2) wo+2 Wo+2

[':gol (a1+Bd(j—2))] :

Since v(2)>v(0) and a; + Bd(x) = v(0) for all x < w, (Equation (H) and concavity), it
follows from (K) that E(2, wo+2)>v(0), which contradicts the assertion that this
inequality does not hold. The lemma is proved.

With Lemma 4 A, the proof can be brought to a rapid conclusion. From (D) and the
definition of wy, one can easily show that:

Wo 1
+
wot2° O 5

(L) EQ2, wo+2)= [2b,+d(c)+d(c+1)].

If v(2)>v(0), then E(2, wo+2)>v(0) from Lemma 4A; thus (L) implies that [2b,+
d(c)+d(c+1)]/2>v(0) or, by concavity, that

M) by+d(c)>v(0).
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Equation (D) also allows one to write

(N) E(1, w0+1)— v(0)+ (b1+d(c)).

wo+ 1
Combining (M) and (N) shows that E(1, wo+1)>v(0); since wo>> ¢, that is enough to
show that if v(2)>v(0), then v(1)= E(1, wo+ 1) >v(0), which completes the proof
Theorem 4 means that once v(k) starts to decline as k is increased it can never
return to its former level; thus k* has already been passed. With this and earlier results,
we are ready to discuss a recursive procedure for obtaining k* and n*.

5. An algorithm for the optimal strategy. Directly or indirectly, the algorithm
below uses all four theorems and all five remarks already discussed. We assume that, at
the outset, the user of the algorithm has calculated the needed a,’s from a, =
A [1-F()ldt, the b,’s from b,=Ba, the quantity A from A=
min (k|b1— a1+ di.. <0),and S = boo+ kb, + acs i — (¢ + k)a; for all k from O to A. The
goal is to obtain the values of k* and n*, as well as R*=E(k*, n*), the optimal
detection rate.

THE ALGORITHM.

(1) If S4 <0, thenset k*=0, n* =00, and R* = a,. (i.e. the observer should never

visit 2.)

(2) If S4 >0, then find a, the smallest nonnegative integer for which S, > 0.

(3) Go to (4), setting “a” as the current value of k.

(4) Calculate E(k, n) from (D) for n =c+2k. Do the same for n =c+2k +1.
Continue to do so as n is increased in steps of 1 until reaching 7 the smallest
n=c+2k+1 for which E(k,7)<E(k,7—1). Set wy,=7—1 and ov(k)=
E(k, wi). Record wy and v (k).

(5) If k =a in (4), set k =a +1 and return to (4).

(6) If k > a in (4), then compare v(k) and v(k —1).

(7) If v(k)>v(k—1) then:

(i) ifk=A,set k*=A,n*=w,, and R*=0v(A).
(i) if k <A, increase the k-value by 1 and return to (4).

8) If v(k)=v(k—1)thenset k*=k—1,n*=w;_1,and R*=0v(k —1).

Reasoning in the proofs of Theorem 1 and Remark 5 makes clear that wy is finite
for all k that satisfy a =k = A. Thus there is no danger that the algorithm will fail to
converge to k* and n* in a finite number of calculations.

Now we can turn to some numerical examples. But before doing so, we should
make explicit two general properties of the optimal search policy.

(i) The policy uses C1> and Cy only through their sum ¢ = Ci5+ Cy;.

Thus the round-trip time from 1 to 1 via 2 is the only needed travel-time
parameter.

(i1) The policy depends on A1 and A only through their ratio.

To see this, note that if both A; and A, were changed by the factor Q, all a,,’s and
b..’s would change by the same factor. Consequently, the E(k, n)’s would all change by
factor Q so k* and n* would remain the same.

6. Numerical examples. Since the optimal search strategy depends only on the
A2/A; ratio we can, without loss of generality, set A; = 1. We therefore need only the
values of B and ¢ and the distribution of x, the duration of any given event.

31f wo=c, then (1, wo+1) is not among the candidates for best policy since it is biased towards point 2.
As noted before, a slightly different proof applies for wo=c.
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Example 1. B=28,c=4

1 wp..
w.p. .
w.p. .
w.p.
w.p. .05
8 w.p. .05

(w.p. = with probability)

BN I e N~ S}
[EE. N USGNIN

Direct calculations with the x-distribution reveal that:
a; =1 as=3.7
a=1.9 as=3.9
az=2.7 a7=4.0
as=3.5 ag=4.05

The b,,’s follow b,, =.28a,; A =0, and Sy = b+ as—4a; =.63. Use of the algorithm
leads rapidly to the conclusion that k*=0,n*=4, and R*=1.12. Under the best
search strategy,  of the events at both points are sighted at least once.

Since ¢ =4, the optimal strategy has the observer shuttling continuously between
the two points. One might have suspected that, since 78% of the events arise at 1, the
strategy would have concentrated search effort there. This does not happen because
80% of the events last at least 4 units; hence the losses at 1 associated with quick visits to
2 are minimal.

Example 2. B=.985,c =3,

a,, =4.05 for all w>8.

_{ 1 wp..5
11 w.p. .5.

In this problem, a, =.5(1+w) for w=11, and a, =6 for all w>11. b, =.985a,;
A = 8. The algorithm implies that k* =8 and n* = 19. (i.e. the observer should spend 8
units at 1, go to 2, spend 8 units there, return to 1, then repeat the cycle.) R* = 1.46, so
about 73% of the events at each point are sighted.

With events arising at almost the same rate at 1 and 2, it is unsurprising that the
optimal strategy is symmetric. Note that, under the strategy, the observer returns to
each point exactly 11 units since his last departure; he therefore sees on his return all
events with durations greater than 1 that occurred during his absence. The long pauses
(8 units) at each point arise because, with half the events only one unit long, the losses
while the observer is “in transit” work against frequent excursions.

Example 3. B=.6,c=4,x=1.5 w.p. 1.

In this case

__{ w for w<1.5,
=115 for w=1.5.

A =0and So=—1.6<0.Hence all search effort should be devoted to point 1; under this
policy, all events at 1 but none at 2 will be observed, which means that 3 of all events will
be sighted.

Example 2 reminds us that sometimes k* >0, which means that the observer’s
initial observations at 2 should be followed by further ones at spacings of one time unit.
Since the sighting rate on the additional observations is only b,, their presence in the
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optimal strategy might seem perplexing; this is particularly so since, were the observer
to return from 2 to 1 immediately, he could be detecting new events at the higher
rate a;.

This apparent paradox is resolved if we realize that, even if the observer spends k*
units at 2, he will not miss all the events that arise at 1 during that period; some of them
will continue until his return to 1 and thus eventually be noticed. By contrast, if visits to
2 are infrequent, it is possible that the bulk of events at 2 over the k-unit period will
escape detection unless the observer stays there. Thus remaining at 2 is sometimes
justified because foregoing some of the events at 1 over a period is preferable to losing a
larger fraction of the concurrent events at 2.

7. The Chelst paper. The problem discussed here bears certain similarities to one
recently considered by Chelst [2]. He assumed that “‘targets’ arrive in Poisson fashion
at two different points* at equal rates, and that they depart after an exponentially
distributed “‘visiting time”’. An observer who can search continuously wishes to observe
these targets at the highest possible rate. The observer can not usually find targets
immediately; even if he restricts his effort to one point, the time between a target’s
arrival there and its detection—assuming that it does not leave before being sighted—
follows an exponential distribution. There is a time T required for travel from either
point to the other.

In this symmetric problem (i.e. A;=A,), the critical parameter is x, the time
between the observer’s arrival at either point and his next departure for the other.
Chelst obtains a transcendental equation from which x can be obtained, through
successive approximation methods.

Because of differences in underlying models, it would be inappropriate directly to
compare the current results with those of Chelst. But we might observe that, unlike
Chelst, we imposed no restrictions at all on the A,/A; ratio or on the form of the
event-duration distribution. Perhaps that is because our exploitation of the ‘“‘diminish-
ing returns’’ concavity property of the objective function made unnecessary any
assumptions of symmetry or memorylessness.

8. Concluding remarks. As noted earlier, the two-point problem discussed here
could serve as a first approximation to an actual search problem in a continuous region.
The region could be broken up into two distinct parts, the C;;’s perhaps tied to the times
of travel between their centers of gravity, etc. Use of the algorithm might well give some
insight into the fraction of time the observer should spend in each region, as well as the
frequency with which he should switch regions.

Extending the analysis to the case where events arise at N discrete points, N > 2,
would allow a more detailed approximation of continuous search problems.
Unfortunately, such an extension is anything but straightforward. The results obtained
here cannot be generalized directly, and all the results in [1] about N -point optimal
search policies fail to hold up when C;;’s are unequal to 1. In an N-point problem, for
example, it is conceivable that the observer should never visit the busiest point, because
it is so far from the other points that travel times to and from it are prohibitively large.

Under the circumstances, those considering the N-point problem face a formid-
able task. While one can imagine progress with heuristic approaches, the outlook with
analytical methods does not seem particularly bright. Future work, of course, could
make such pessimism seem very foolish.

*While he uses the word “region” rather than “point”, he effectively approximates each region by a
point. The time to travel between regions, for example, is assigned a constant value.
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CANDIDATE KEYS AND ANTICHAINS*

J. DEMETROVICS*

Abstract. It is shown that a matrix can be constructed in which a row is determined when specified in any
collection of column sets with the property that B < C, A < B implies A = C. The problem of determining the
minimum number of rows needed for a collection C on n rows in worst case is raised. Some bounds are given.

In the relational data model proposed by Codd [1]-[3] data are represented by
matrices with rows corresponding to records and columns corresponding to attributes.
One can identify a row by examining the values of its elements in certain sets of
columns, namely those for which no two rows are identical. We call such sets of columns
keys, and minimal keys are called candidate keys.

The candidate keys, being minimal column sets that are keys, form an antichain. If
there are n columns there can be at most (,,7») candidate keys by a well-known theorem
of Sperner. In this paper we address the question: given an antichain (collection of
subsets of n elements such that no member contains another) is there always a matrix
having it as its set of candiate keys? Some related questions are discussed.

THEOREM. If A is an antichain on n elements which are column indices, there exists a
matrix for which the candidate keys consist of the sets of columns that are members of A.

Proof. Let the antichain B consist of the maximal sets that do not contain members
of A. Let the members of B be By, - * -, B,. We define 2a rows as follows: For 1 =i=a
let rows 2i —1 and 2i have zero entries in the columns of B; and entries 2i —1 and 2i
respectively in all other columns. Obviously any set of columns not containing a
member of A is not a key, as it leaves an ambiguity between the two rows corresponding
to each B; containing it. On the other hand, the number of any row will be displayed for
at least one element of each A,.

Two further questions are suggested here:

1. What is the largest number r(n) of rows needed for some A having n columns?

2. What is the smallest alphabet a (n) that the matrix elements may be restricted to

for a matrix on n columns to work here?

These two problems are in general open. However, we make the following
remarks.

If one member of the antichain is a one element set, all the rows must differ in that
column, so that a(n)=r(n—1). The construction above gives r(n) =2(,;2). One can
easily obtain (2(,,'/'2))1/ % as a lower bound for r(n). The upper bound here can be
improved somewhat but the gap between these is still wide.
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EFFICIENT ALGORITHMIC SOLUTIONS TO EXPONENTIAL
TANDEM QUEUES WITH BLOCKING*

GUY LATOUCHEt AND MARCEL F. NEUTS#

Abstract. Stable queuing systems consisting of two groups of servers, having exponential service times,
placed in tandem and separated by a finite buffer, are shown to have a steady-state probability vector of
matrix-geometric form. The queue is stable as long as the Poisson arrival rate does not exceed a critical value,
which depends in a complicated manner on the service rates, the numbers of servers in each group, the size of
the intermediate buffer and the unblocking rule followed when system becomes blocked. The critical input
rate is determined in a unified manner.

For stable queues, it is shown how the stationary probability vector and other important features of the

queue may be computed. The essential step in the algorithm is the evaluation of the unique positive solution of
a quadratic matrix equation.

1. Introduction. The queuing model consisting of two units in series with a finite
intermediate waiting room has an extensive literature, dating back to 1956 with the
work of G. C. Hunt [9]. The study of blocking in two or more units in series without
intermediate waiting spaces was initiated by B. Avi-Itzhak and M. Yadin [2]. Further
contributions to this model are due to N. U. Prabhu [18] and A. B. Clarke [3].

Models in which there is a finite waiting room between the two units and the service
times in the first unit have a general distribution were discussed by T. Suzuki[21], M. F.
Neuts[11],[12]and K. Hildebrand [7], basically using transform methods which are not
readily computationally implemented. The thesis by I. Hannibalsson [5] utilizes a buffer
model to represent a queue with delayed feedback. The second unit then represents a
holding stage for those customers who will rejoin the queue in front of unit I. In this
paper and also in that by B. Wong, W. Giffin and R. L. Disney [23], the analysis of finite
capacity buffer models is carried out by fairly involved spectral decompositions of the
transition probability matrices. Related models, with finite total numbers of customers
were treated in the papers by K. L. Arya[1]and O. P. Sharma [20]. These papers also do
not have an algorithmic orientation.

In recent years, there has been a growing interest in the development of compu-
tational methods to evaluate the stationary probability vector and related quantities for
tandem queues with blocking. This interest came primarily from the recognition that
these models are useful in the study of the behavior of subsystems of computers. In
addition to detailed descriptions of several computer-related applications, A. G.
Konheim and M. Reiser [10] propose an algorithm for the solution of a system
consisting of two single-server units with exponential service time distributions. They
also allow feedback of some departures from the second server to the queue in front of
the first unit. In [19], these same authors further considered more elaborate forms of
feedback and discussed additional applications in computer modeling. Iterative
numerical procedures of the Gauss—-Seidel type, such as proposed by F. S. Hillier and
R. W. Boling [8], may also be implemented for these models.
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supported in part by the Air Force Office of Scientific Research Air Force Systems Command USAF, under
Grant AFOSR-77-3236.
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In addition, bounds on the blocking probability were investigated more recently by
F. G. Foster and H. G. Perros [4]. A particularly detailed study of diffusion approxima-
tions in tandem queues is due to G. Newell [16], [17]. The recent paper by J. M.
Harrison [6] is also relevant in this context.

It is the purpose of this paper to show that a large number of buffer models with
exponential servers may be numerically solved in a unified way. The key result identifies
their stationary probability vector in a (modified) matrix-geometric form. Appro-
priately partitioning that vector x as (xo, X1, * * *), we show that

i—r+1 .
X=X, R foriz=r-1,

where r is the number of servers in the first unit. The matrix R is the unique positive
solution to a matrix quadratic equation. The spectral radius of R is less than one. The r
vectors Xo, * * * , X,—1, are also uniquely determined.

The approach, which is used here, is already implicit in the thesis of V. Wallace

[22], but the proofs are based on further refinements and generalizations given in Neuts
[13], [14], [15].

Description of the model. The system consists of units I and II and a finite
intermediate buffer. Unit I consists of r parallel exponential servers, processing
customers at the same rate a. In unit I, ¢ parallel exponential servers process customers
at the common rate B. Arrivals to unit I occur according to a homogeneous Poisson
process of rate A. (See Fig. 1.)

I S€rvers C servers

FiG. 1

The servers in unit II can be active as long as there are customers, who have
completed a pass through unit I and are requesting their service. Thereare M —c — 1=
0 places in the buffer, so that at most M — 1 customers can be either waiting in the buffer
or being processed by one of the servers in unit II. If the number of customers who have
completed a pass through unit I but have not cleared unit II reaches M, one of the
servers in unit I becomes blocked.

Depending on the application, the blocking of one or more servers in unit I may
affect the ability of the unblocked servers either to accept a customer for service or to
complete a service in course. We shall assume that when the number of blocked servers
in unit I reaches r*, 1 =r*=r, all unblocked servers in unit ! also cease service. This
situation will be referred to as full blocking.
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In a partially blocked system, when a service completion in unit IT occurs, one of
the blocked servers of unit I releases his customer into the buffer. This server may now
again initiate a service.

Next we specify the unblocking rule. In a fully blocked system there are M +r*—1
customers who have completed a pass through unit I and are requesting service in unit
II. We define an integer k*, 0 =k™* =M +r*—2. When the number of customers, who
have not been cleared by unit II, drops to k*, all interrupted services in the servers in
unit I resume and any free servers can again initiate services.

We shall allow a feedback loop of departures from unit II back to the queue in front
of unit I. With probability ’=1—-6, 0= 6 <1, a customer who completes a service in
unit II leaves the system. Feedback occurs with probability 6.

In order to concentrate only on parameters which have substantial significance, we
shall not discuss further extensions in which customers may leave the system from unit I
or may enter feedback loops from the buffer to unit I or from unit II to the buffer. The
relevant matrices which govern such cases can be constructed easily; the theorems and
algorithms discussed below carry over routinely.

We also make the standard independence assumptions. All service times and
interarrival times are mutually independent random variables. From a numerical
viewpoint, it is routine to consider extensions such as the case where the rate of the
Poisson arrival process depends on the number of blocked servers in unit I, but in order

not to add to the number of parameters of the model we shall not pursue this topic
further.

Notational convention. The material in this paper involves a large number of
Jacobi matrices, whose detailed definitions require display. A matrix such as

bo Co 0 0
a b1 C1 0
2 0 a by c2

_- O

m—2 Gm-2 bm—2z Cma2 O
m—1 0 Am-1 bm—l Cm-1
m 0 0 am bm
will be displayed as
Co €1 ' Cm-3 Cm-2 Cm-1
bo b1 b2 st bm—2 bm—l bm
a a; as *°° Am-1 Qam

2. The structure of the Markov process. Under the assumption of exponential
service times for the servers in units I and II, the queuing model may be described as a
continuous-parameter Markov chain on the state space {(i, j), i =0,0=j = N}, where N
is a finite nonnegative integer. The index i will denote the number of customers queued
up or in service in unit I. Such customers will be called I-customers. Upon completion of
a pass through unit I, a customer becomes a II-customer. We note that because of the
possibility of feedback, a customer may be termed a I- or a II-customer several times in
succession before leaving the system. The role played by the index j is more complicated
to describe and will be spelled out for the specific cases discussed below.
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In all cases, however, the infinitesimal generator P of the Markov chain will have
the structure of a block-tridiagonal matrix of the form

A A - A, ap Ar—2,2 A, A
(1) P={A¢p An A21 e Ar-—2,l Ar-—l,l A, A )
A Az Az - Ar—l,O Ay Ay Ay

where all entries are square matrices of order N + 1. The rows in the block-partitioned
matrix correspond to the sets of states {(i, 0), (i, 1), - -, (i, N)} for i 0.

We shall now give the detailed definitions of these blocks for various models of
increasing complexity.

Model A. Unit I blocks as soon as there are M II-customers in the system. All ¢
servers in Unit II are busy; there are M — ¢ — 1 customers in the waiting room and one
server in unit I has completed service of a customer who cannot enter the waiting room.
Unblocking occurs as soon as a departure from unit II occurs. In terms of our general
description, Model A corresponds to r*=1, k*=M —1.

In this case N = M. The matrices Ao, A; and A, are given by

r¢ ra - ra ra
Ao=(|0 0O O --- 0 0},
o0 0 ---0
0 0 0
Ai=|-A—ra —A-ra—B -+ —=A-ra—(c—1)B —A—ra—cB
Bo’ 286’ e cBo’ cBo’
0 0
—A—ra—cB —A—cBjl,
cBo’
0 -«+ 0 .0 -+ 0 0
A= | A A e A A o A A,
Bé 2B60 --- cBO cBO --- cBO
andforlsi=r-1,
ia ia - e ia
A,‘0= 00 0 e 0 0
o0 O ---0
For 0=i=r—1, the matrices A;; = A,, and the matrices A;; are given by
0O --- 0 O --- 0 o0
A“= * * . e * * N * *
Boe' 2B6' --- cBO' cBO --- cBE

The asterisks correspond to the negative diagonal entries, which are such that the row
sums of the matrix P are zero.

Model B. This model is as the preceding one, except that full blocking occurs only
when r*, 1=r*=r, servers in unit I are blocked. The index j now ranges from 0 to
M +r*—1 and denotes the number of II-customers in the system. Unblocking occurs
again upon a subsequent departure from unit II, which corresponds to the case
k*=M+r*-2.



EFFICIENT ALGORITHMIC SOLUTIONS 97

The blocks in the partitioned matrix P are now of order M +r*. They are obtained
by augmenting the blocks in Model A in a systematic manner. Specifically

cwore (r=Da - (r=r*+2)a (r—r*+1)a
Ao=1| - 0 0 . 0 0
.0 0 cee 0
1 7
M M+r¥-1
0 0 o --- 0 0
Al — % % % e * * R
cB6' cBO' cBO .- cBO
) )
M M+r*-1
0 0 o --- 0 O
A,=|--- A A A RN A All,
cBO cBO cBO --- cBO
where the asterisks stand respectively for the entries —A —¢B—(r—1l)a, - -+, —=A —cB —

(r—r*+1)a, —A —¢B, chosen so that the row sums of P are zero.
The matrices A;o are given by

ia min(r—1,i))a min(r—2,)a -+ min(r—r*+1,ia
A=l 0 0 0 0

? 0 0

M M+r-1

forl=si=sr-1.
For 0 =i =r—1, the matrices A;; = A, and the matrices A;; are given by

0 0 s 0O o0
Ail =] ... * * e * * |,
cB6' cpo’ cBo’

The asterisks correspond to the negative diagonal entries, which are such that the
row sums in the matrix P are zero.

Model C. In this model, we add further complexity to Model B by assuming that
when full blocking occurs, unit I does not become unblocked until the number of
II-customers drops to k*. In most cases of interest, we will have c =k*=M +r* -2,
and in order to limit the number of variants, we shall assume that this is the case. The
case k* =M +r*—2 corresponds to Model B, so we only need to discuss the cases
where c=k*=M +r*-3.

We now consider the indices j:

0,1,--- M—1,M,--- M+r*—1, M+r¥*=2, M+r*-3, -+, k*+1.

The index values with a bar correspond to the situations where the unit I is blocked,
although fewer than M +r*—1 Il-customers are in the system. The blocks in the
partitioned matrix P are now matrices of order 2M +2r*— k* -2,

The matrices Ay and A;o, 1=i=r—1, for this model are obtained by adding

M +r*—k*—2 rows and columns to the corresponding matrices for Model B. These
rows and columns are identically zero.
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The matrices A; and A;;,0=i =r—1, are obtained by adding M + r* — k* —2 rows
and columns to the corresponding matrices for Model B, and changing the row with
index M +r*—1. The diagonal elements to be added are all equal to —A —¢f. To the
right of these diagonal elements we add an entry ¢86’, except for the last row, where the
entry ¢36' is placed in the column labeled k*. In the row with index M + r* — 1 the entry
¢36' should appear immediately to the right, rather than to the left of the diagonal entry.
All other added elements are zero.

The matrices A, and A;», 0=i =r—1, are similarly modified, with entries A and
¢B6 now playing the role of the quantities —A —¢B and ¢B6'.

We see that in the present model, the matrices are no longer Jacobi matrices, but
remain highly structured sparse matrices. The theoretical results in this paper do not
depend on the detailed structure of the blocks in the partitioned matrix P, but
particularly when the order of these blocks becomes large, their sparsity may be

exploited to economize on the storage and processing time requirements of the
algorithm.

3. Quasi-birth-and-death process. Consider an irreducible continuous parameter
Markov chain with state space {(i, j); i =0, 0=j = N} and infinitesimal generator P of
the form (1).

Let us denote by x the vector of steady-state probabilities, associated to P, xP =
0, xe = 1, and define the conservative stable matrix A by A = Ao+ A; + A,. We assume
that A is irreducible and denote by & its vector of steady-state probabilities, i.e.,
wA =0, we= 1. Each component of  is strictly positive. In the tandem queue models
considered here, A will obviously be irreducible.

We partition x as x = (Xo, X1, * * *), where each vector x; has N + 1 components. We
shall examine below the existence of a solution of the form x; =x,_.,R* "™ fori=r—1,
where R has a spectral radius strictly less than one (sp(R) < 1). For such a solution to
exist, we must have that

XoAo0,1+X1A1,0=0,

@) XiAi2+Xir1Air1,1 +Xi42Ai420=0 forO0=si=r-3,

X,—2A,22+X, 14,11 +X,A0=0,
X1 R A,+RA+R*Agy=0 foriz=r—1.

We shall show that in the positive recurrent case, a strictly positive probability
vector x of the stated form exists, for which the matrix R is a nonnegative irreducible
matrix of spectral sp (R) less than one and such that A, +RA, +R*A,=0.

We now have to make several technical assumptions that are satisfied for the
models we consider:

(a) A1 is nonsingular. By Wallace [22, Thm. 3.1], a sufficient condition is that
A e <0 which means that from any state (i, j), i = r, itis possible to move in one step to a
state (i +1, j') or (i — 1, j'). By Wallace [22, Lemma 3.4], A7' is a nonpositive matrix
with strictly negative diagonal elements.

(b) The matrix C, = —A2A1'1, has at least one nonzero element in each row. A
sufficient condition is that all diagonal entries of A, are strictly positive, which means
that arrivals can occur when the system is in any state (i, j), i =r.

(c) If we define Co=—AA7" and C = Cy+ C,, we assume that C is irreducible.

The equation A,+ RA; +R*A,= 0, may now be rewritten in the form

(3) R =C,+R?C,.
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LEMMA 1. The matrix C has a maximal eigenvalue equal to one with corresponding
left and right eigenvector, respectively proportional to w and Ae.

Proof. (a) wC =-m(Ao+A)AT' =m(A;—A)AT' =m,sincemwA=0.(b) CAe=
—(Ap+Ay)e=(A;—A)e=Aqe, since Ae=0.

Define the sequence {R(n), n = 0} of matrices as follows:

R(0)=0, R(m+1)=C,+R((n)’C, forn=0.

THEOREM 1. If mAce = wA,e, the equation R = Co+ R*Co has a unique solution R
for which R =0, sp (R)=1. This solution is lim,.R (n) and sp (R)=1.

If mAoe>mA,e, the equation R = C,+R*C, has a unique solution R for which
R =0, sp (R) < 1. This solution, lim,.«R (n), is the minimal solution to the equation and
is irreducible.

Proof. This theorem is proved by repeating almost verbatim the argument given in
[14, Thms. 1 and 2, Lemmas 2, 3 and 4].

The irreducibility of the matrix C is needed primarily to derive the equilibrium
condition in the explicit form wAe > wAe. The requirement that C, has no vanishing
rows entails the irreducibility of the matrix R. For the models discussed in this paper,
these conditions are verified. It is easily seen that after a small number of iterations, the
matrices R(n) and hence also R are strictly positive.

In [15], the existence of a matrix-geometric invariant vector is established without
irreducibility conditions on the matrices arising in the partition of P. As in [14], the
detailed proofs are given for stochastic matrices, but the translation to the case of
infinitesimal generators is elementary. The algorithmic simplifications due to the
reducibility of the matrix R are discussed in a forthcoming monograph by the second

author. Since in the present case, R is positive, these issues are not germane to the
discussion here.

Let x*=(xg, x4, * * , X,—1), and
A02 v Ar—3,1 Ar—2,2
P*=|lApy A -+ A, A,_11+RAo|.
Ajpp Az - A

LEMMA 2. P* is an infinitesimal generator.

Proof. Since P is an infinitesimal generator and RA, =0, all off-diagonal elements
of P* are nonnegative.

To prove that P*e =0, one needs only consider the last N + 1 rows of P*, since the
other rows are identical to rows of P. However

A, 10et(A,_11+RAe=—Ase + RAge

=—Ase+RA¢e+ Y R*(A,+RA,+R*Ay)e

v=0

=R(I—-R) Y Ao+A:+A,)e=0.

LEMMA 3. Since A,_11+ RA, is irreducible, P* is irreducible.

Proof. The proof is straightforward.

THEOREM 2. Under the assumption of Lemma 3 and mAoe >mAze, let R =0 be the
minimal solution of R = C+ R*>C,. Let x* = (x§,x¥, - - -, x¥.1) be a solution of x*P* =
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0; then x* has components all of the same sign. Furthermore x* may be normalized by

r—=2
4) Y x¥e+x* (I-R) 'e=1.
0

The vector x= (Xo, X1, * * *) With

xi=x¥ for0=i=r-1,

)

x; =x* R forr—1=i,

is the unique, strictly positive steady-state probability vector of the matrix P.

The proof is now obvious.

Remark. Since R is irreducible and sp (R)<1, (I —R) ™! exists and is strictly
positive.

COROLLARY 1.

(6) RA e = Ase.
Proof.
R=C,+R’Co=—A,AT'—R*AATY;
hence
RAe=—A,e—R*Ace
and

—R(Ao+A,)e=—Ae—R>Age,
(I-R)A,e=(I—R)RAe.

Since I — R is nonsingular, formula (6) follows.

Remark. In the tandem queue models considered here, Age is the vector of rates of
departure from unit I when all servers are busy. A,e is the vector of rates of arrival to the
queue in front of unit I. This corollary shows that R plays a role similar to a traffic

coefficient. In numerical computations, this relation serves usefully as an accuracy
check on the evaluation of R.

4. Explicit forms of the equilibrium condition. For the specific versions A, B and C
of the buffer model, the equilibrium condition wAce > 1A e, may be explicitly written
in terms of the parameters of the model. Although the analytic expressions of these
explicit forms are complicated, they are are of the general form

(M A<(1-06)raV¥,

where 0<W¥ <1, and V¥ is a function of all the parameters of the model, except for A
and 6.

The quantity (1 — 8)ra is the critical input rate of a system consisting only of Unit I
with a feedback probability 6. The entire right hand side of (7) may be interpreted as the
critical input rate A * to the system under consideration. The dependence of A * on the
various parameters of the model provides us with a readily accessible means of
comparing the effects of buffer size and unblocking rules. It must be borne in mind,
however, that queues for which A is close to or equal to A* will exhibit the typical,
frequently undesirable, long-range fluctuations inherent in near-critical queues.
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THEOREM 3. The vector & and the equilibrium condition wA.e> wA,e, are given

by:
For Model A,

n=[ 250G 5 EG)T
- j=oj! C'ch B ’
1

(8) 1Tj=]"(‘B")7To fOl’l ]<C

‘ﬂ'j=f_(%>ﬂ'0, forc=j=M.
©)

A<(1-0)ra Z mi=(1-0)ra(l—mm).

j=0

For Model B (2=r*=r),

moe| mE) 5 L) 55 (G -9

(10) ﬂj:Jl'(bg)"" fori=j=c,
=‘c—(—;)wo forc=j=M,
c'( )”M(l‘£>"0 for M +1=j=M+r*-1.
)\<(1—0)ra[ Z 17,+r*zl( f)arMﬂ_l]
(11)

r*—-1 7
=(1- 0)ra(l T WM+ -1 21 % 7TM+f—1)-
i=

For Model C (1=r*=r,c =k*=M +r*-2), we shall give detailed formulas only
for the most useful case where c =k* =M —1. The equations for the other cases are
entirely similar. We denote by 711, * * *, Tiag+,"—2, the components of w corresponding to
the indicesj=k*+1, - - - , M +r*—2. The explicit formulas for the components of = are
uninspiringly complicated, but their numerical values may readily be computed by solving
the linear equations

ra

mi=—mi forl=j=c,
B
ra ,
W= ———Tj-1 fOl’C§]§k*,
cB
ra . % .
(12) m=—mj_1—Trs1, fork*+1=j=M,
cB
ra . ,
TM+j = (1-*)( )WM+,’_1—7Tk*+1, for1§]§r*—2,
r/\cB
. . c ra M+r*—1 x_4 v 4
TM+r*—1 = TM4r*—2 = **° SWerpy =—|— II{(1—=)® " m,
cl\cB v=1 r
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-2 r*— M—k*—1 h+r*—1
=3 (%) T (-5 (-)" 2 ()
v=1 h=0 \cB
Finally m is obtained from the normalizing condition we=1.

(13) A<(l—0)ra[ ¥ 77,+'*il( f)mﬂ._l].

where

Proof. We shall only sketch the proof for Model C. The equations wA =0 may be
written as

—ramo+ B =0,
rami1—(ra+jB)mi+(j+1)Bmi+1=0 forl=j=c—1,
rami—; —(ra +cB)m;+ cBmiv1+ Sip+cBmx1 =0 forc=j=M—1,
(14)  (r—Damsm+j1—[(r—j—Da+cBlapm+j+cBmm+j+1=0 forO0=j=r*-3,
r—r*+2)amyir—a—[(r—r*+Da +cBlmmsrm_2=0 forr*=2
(r=r*+1)ampsr—2—Bmrsr—1 =0,
TM+r =1 = TM+r =2 = ' * = T*e.
These are clearly equivalent to
rami—;=min (j, c)Bm; forl1=j=k¥*,
rami_1=cBmi+cBmes1 fork*+1=j=M,
(15) (r—Pamprj-1=cBrm+i+cBmixr1 forl=j= r¢=2,
(r—r*+1)amrr—2= cBrM+r -1,
TM+r*—1~ ﬁMH*—z_ = 77'k*+1-

Equating the expression recursively computed for mas.,+—; With 7,*.1, we obtain the
stated formula relating 7«1 and .
The inequality wAqe > wA,e is equivalent to

A< Z (rami-,—jBOm;) + Z (rami—1—cBOm;)

]— ] c+1

r*-1

+ Y [(r=Dmamsj-1—cBOTM+;]—cBOM +r¥ —k* —2),
i=1

and by using (14), we obtain formula (13).
Remarks. 1. It is preferable not to write the geometric sums in (8) and (10) in closed
forms, so that we do not have to write separate expressions for the case where ra = ¢g.
2. For r=c=1, and A chosen, without loss of generality, to be equal to one, we
obtain for Model A that the queue will be stable if and only if

M a\? M-1 a\?
—) <(1-6 (—) .
Z, (3) (1=6)a % B
This agrees, after elementary manipulations, with the conditions (2) for a # 8, and (3)

for a = B, stated in Theorem 2 of A. G. Konheim and M. Reiser [10, p. 334]. A minor
correction is, however, needed in the statement of that theorem. Condition (1), i.e.
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(1-6) min (a, B) <1, is claimed to be the equilibrium condition for the system where
M=c0. As it is implied by one of the other conditions, depending on whether a #8 or
a = B, its inclusion in the stability condition for finite M is clearly inappropriate.

5. The system considered at service completions in unit I. Upon considering the
numbers of I- and II-customers immediately after service completions in unit I, we
obtain a Markov chain with the states (i, j), where i =Z0andj=1,-- -, M +r*—1.Inthe
interest of notational simplicity, we shall preserve the earlier state space, but note that
since service completions during full blocking in unit I are impossible, the states with
j=0 and the additional states corresponding to full blocking are ephemeral. Our
formulas will correctly assign ‘‘steady-state probabilities” equal to zero to all such states
and it will not be necessary to adjust the dimensions of the matrices which are involved.

THEOREM 4. The stationary probability vector z= (2o, 21, - *) of the embedded
Markov chain at service completions in unit 1 is given by

16 Zr =Txk+1Ak+1,o for 0=k §r—1,
( ) Zr =TXk+1Ao=TX,_1Rk-r+2Ao fork ér—l,

where 7 is given by
r—1
x

i=1

-1
(17) T= [ XA 0e+x,_1R(I —R)“lee] :
The zero components in the vectors z are ignored.

Proof. The formulas (16) are readily obtained by a conditioning argument for the
elementary probabilities. The quantity 7' dt is clearly the elementary probability that a
service completion occurs in (¢, ¢ + dt) and the components of Xy 1A +1,0dt OF X1 A odt
are elementary probabilities of transitions of the type (k +1, j) - (k, j').

COROLLARY 2. The components withj=M +v, 0= v =r*—1, of the vector

© r—1
(18) Z=13 Zk=7[ ) xiAi0+xr—1R(I_'R)‘1A0]’
k=0 i=1

yield the stationary probabilities that upon completion of a service in unit 1, v + 1 servers
are blocked in unit 1.

It would satisfy higher standards of rigor to set up explicitly the transition
probability matrix of the embedded Markov chain and to verify that z is indeed its
invariant vector. In order to avoid introducing a large amount of extra notation, we shall
only do this for the case r = 1. In the process we shall also obtain a different formula for
Z, which is also easily implemented and therefore provides us with an accuracy check in
numerical computations.

Completely elementary probability arguments yield that for r = 1, the transition
probability matrix of the embedded chain is given by

B, B, B, B; B,
Ay, A, A, A; A,
(19) P=|0 A, A, A, A, »
0 0 Ay, A, A,
0 0 0 A, A,

where A, = (—A7'A,)"(—AT'Ap), and B, = (—A51 A»)A,, for n =0.
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The steady-state equations zP =z, will be satisfied by the vectors defined in
formula (16) provided that

— k+1 _
(20) xR "' Ao =x%oRAo(—Agt A)Ar+ ¥ XoR" "' AoAi.,1-, for k=0.
=1

v

Since X0 =xoR (—AoAg: ), and using the explicit form of the matrices A,, this equation
may be equivalently rewritten as

v=

k+1
(21) xo[R"“—(—AzAIl)"“— Y R"”(—AOAI’)(—AzAI’)"“_”]AO=0 for k=0.
1

In order to see that the matrix square brackets is zero, write the equation
R =(—A,AT")+R*(=AcAT"), k+1 times. Multiply the »th equation on the left by
R”"! and on the right by (—A2ATH ™" and sum up.

Finally the expression for 7 is obtained from the normalizing equation ze = 1.

COROLLARY 3. In the case r =1, the vector Z is also given by

Z=(mAce) 'mA,
—7X0(Ao1 + A2)(A; + A3) TAJA — (mAe) T AoIIA] (A1 +Ay),

where 11 is a matrix with M +1 identical rows given by w.  _
Proof. Adding the steady-state equations for the matrix P, we obtain

(23) Z[I + (A1 + A2) Aol =2o(— Aot A2)[—(A1+ Az) Aol —zo[—(A1+ Az) Aol

The matrix —(A; +A,) ' A, is a stochastic matrix, whose first column is zero. All other
elements are strictly positive. It has the left invariant vector mwA,, whose first
component is zero and all other components strictly positive. It now follows readily
from the theory of finite Markov chains that the matrix

(22)

(24) I+(A1+A) Ao+ (mAce) 'TIA = (A;+A2) [A—(mwAce) 'AollA,],

is nonsingular. Adding (wAce) 'ZIIA, = (mAce) 'mA, to both sides of (23) and
replacing xoR (—AoAq;) by Xo, we obtain the stated formula after routine matrix
manipulations.

We note that the formula assigns the correct value zero to the first component of Z.
Verifying that the result so obtained agrees with Z = rx,R(I — R) ™' A, (Corollary 2)
provides a partial check on numerical computations.

6. Remarks on numerical computations. The solution, presented here, lends itself
to a ready numerical implementation. Efficient programming, which takes the high
degree of sparsity of the transition probability matrix into account, results in substantial
savings in memory storage and execution times. This is particularly worthwhile when
the program is to be used to study the design and control aspects of the model. In such
studies, one or more parameters of the model need to vary over a range of values, which
may require a substantial number of executions of the program. In view of the
complicated dependence of the model on each of its parameters, detailed numerical
studies appear to be the only way of obtaining the hard qualitative information needed
in problems of design and optimization.

The first step, after ascertaining that the queue is stable, is to compute the matrix R.
This may be done by successive substitutions in the equation R = —A,A;" —R?A,A7",
starting with R =0. The relation RAqe = Ae, proved in Lemma 2, serves as an
accuracy check.
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If r>1, the vectors xo, * * * , X,~1, are computed by solving the system of linear
equations, discussed in Theorem 2. Since the number of equations in that system may be
very large, it is again desirable to take the special structure of its coefficient matrix into
account. This may be done as follows. In the system

XoAo01+X¥1A10=0,
(25) X,,_lA,,_l,2 + X,,A,,,l + x,,+1A,,+1,0 =0 forl=v=r- 2,
xr—214~r-~2,2 + xr—l("4r—1,1 + RAO) = 0,

the matrices A,,, 0=w» =r—2, are clearly nonsingular, so that, using all but the first
equation, we can write the vectors Xo, * - * , X,—2, a8 X, = X,.1C¥, 0= v =r—2, where the
matrices C¥ are readily computed. The first equation now yields

(26) X-1(C§Ap1+CTA10) =0,

which together with the normalizing condition
r=2

@7) x| T crert-Rye|=1,
v=0

uniquely determines the vector x,_; and hence also the vectors xq, - * - , X, —».

If there is need to economize on memory storage, as when r and the order of the
matrices are large, we can avoid storing the matrices C,, as they may be evaluated
recursively. This can be done using only three arrays of size N X N and one linear array
of length N. In the latter the vector ¥, _, C¥ e is accumulated. This does not significantly
increase the processing time, as the systems of equations x,.A,, = d, where d is a known
vector, are particularly easy to solve.

The simplifications, discussed above, are particularly striking when 6 =0 (no
feedback) as the matrices A,,, 0= v =r—2, are then scalar matrices.

The remaining computations of the vector x, of various moments and of the
marginal queue length densities, as well as the blocking probabilities are now entirely
routine.

REFERENCES

[1] K. L. ARYA (1972), Study of a network of serial and non-serial servers with phase type service and finite
queueing space, J. Appl. Probability, 9, pp. 198-201.

[2] B. AVI-ITZHAK AND M. YADIN (1965), A sequence of two servers with no intermediate queue,
Management Sci., 11, pp. 553-564.

[3] A.B.CLARKE (1978), Tandem queues with blocking. Abstract 160-35, Bull. Inst. Math. Stat., 7, p. 34.

[4] F. G. FOSTER AND H. G. PERROS (undated), On the blocking process in queue networks, Manuscript,
Dept. of Statistics, Trinity College, Dublin, Ireland.

[5] I. HANNIBALSSON (1975), Networks of queues with delayed feedback, Tech. Rep. 75-10, Dept. of
Industrial and Operations Engineering, University of Michigan, Ann Arbor, MI.

[6] J. M. HARRISON (1977), The diffusion approximation for tandem queues in heavy traffic, Tech. Rept. 45,
Dept. of Operations Research, Stanford University, Stanford, CA.

[7] D. K. HILDEBRAND (1967), Stability of finite queue, tandem server systems, J. Appl. Probability, 4, pp.
571-583.

[8] F. S. HILLIER AND R. W. BOLING (1971), Finite queues in series with exponential or Erlang service
times—A numerical approach, Operations Research, 15, pp. 286-303.

[9] G. C. HUNT (1956), Sequential arrays of waiting lines, Operations Res., 4, pp. 674-683.

[10] A. G. KONHEIM AND M. REISER (1976), A queueing model with finite waiting room and blocking, J.
Assoc. Comput. Mach., 23, pp. 328-341.
[11] M.F.NEUTS (1968), Two queues in series with a finite intermediate waitingroom, J. Appl. Probability, 5

pp. 123-142.

>



106 GUY LATOUCHE AND MARCEL F. NEUTS

[12] (1970), Two servers in series, treated in terms of a Markov renewal branching process, Advances in
Appl. Probability, 2, pp. 110-149.

[13] (1978), The M/M/1 queue with randomly varying arrival and service rates, Opsearch, 15, pp.
139-157.

[14] (1978), Markov chains with applications in queueing theory, which have a matrix-geometric
invariant vector, Advances in Appl. Probability, 10, pp. 185-212.

[15] (1980), The probabilistic significance of the rate matrix in matrix-geometric invariant vectors, J.

Appl. Probability, to appear.

[16] G. F. NEWELL (1975), Approximate behavior of tandem queues, Chaps. I-IV, Research Report,
Institute of Transportation and Traffic Engineering, University of California, Berkeley, CA.

(1977), Approximate behavior of tandem queues, Chaps. V-VIII, Research Report, Institute of
Transportation Studies, University of California, Berkeley, CA.

[18] N. U. PRABHU (1966), Transient behavior of a tandem queue, Management Sci., 13, pp. 631-639.

[19] M. REISER AND A. G. KONHEIM (1978), Finite capacity queueing systems with applications in computer
modeling, SIAM J. Comput., 7, pp. 210-229.

[20] O. P. SHARMA (1973), A model for queues in series, J. Appl. Probability, 10, pp. 691-696.

[21] T. Suzuxki (1964), On a tandem queue with blocking, J. Operations Res. Soc. Japan, 6, pp. 137-157.

[22] V. WALLACE (1969), The solution of quasi birth and death processes arising from multiple access
computer systems, Ph.D. thesis, Tech. Rept. No. 07742-6-T, Systems Engineering Lab, University of
Michigan, Ann Arbor, MI.

[23] B. WONG, W. GRIFFIN, AND R. L. DISNEY (1977), Two finite M/M/1 queues in tandem: A matrix
solution for the steady state, Opsearch, 14, pp. 1-18.

(17]




SIAM J. ALG. DISC. METH. © 1980 Society for Industrial and Applied Mathematics
Vol. 1, No. 1, March 1980 0196-5212/80/0101-0014 $01.00/0

ON CONSTRUCTION OF MATRICES WITH DISTINCT SUBMATRICES*
SHARAD V. KANETKAR! AND MEGHANAD D. WAGH#

Abstract. Given N, M, tand s, a method of generating an N X M binary matrix such that every nonzero
t X s binary pattern occurs exactly once as its submatrix is presented. This construction is based upon a
systematic filling of the matrix with a maximal length recurrent sequence and gives several new solutions yet
unreported.

1. Introduction. In this paper we consider the problem of construction of an
N X M binary matrix A such that any ¢ X s nonzero binary pattern occurs exactly once as
its submatrix. Similar problems have been attempted earlier by various authors.

Reed and Stewart [5] considered the existence of A given only ¢ and s. Gordon [2]
later extended their result and showed that given any ¢ and s, one can always find N and
M, N >t, M > s such that all ¢ X s submatrices (in the toroidal sense) in A are distinct. A
is then called a perfect map. All the ¢ X s nonzero binary patterns are not necessarily the
submatrices of a perfect map. However, a perfect map with parameters M =2°—1 and
N =(2"—1)/M and containing all the ¢ X s nonzero binary patterns was exhibited in
[2]. When N and M are relatively prime, a pseudorandom array also gives a perfect map
with the same parameters [3].

The toroidal perfect maps of [2], [3] and [5] can be easily converted into
nontoroidal ones by repeating the first # —1 rows after the last row and the first s —1
columns after the last column. In this paper, we will be concerned only with N X M
nontoroidal perfect map A in which every nonzero binary ¢ X s pattern occurs exactly
once as a submatrix. Obviously, the four parameters are then related as

(1.1) M—-s+1)(N—-t+1)=2"—1.

Banerji [1] has recently described a procedure of designing A when (i) M = s and (ii)
M =2°+5—2. Note that the required matrix A when M =2°+ s —2 was also obtained
earlier by Gordon [2].

In this paper, we give a criterion for filling up the matrix A with a maximal length
recurrent sequence (MLRS) such that A will have the required property. Four schemes
have been described which satisfy the criterion and hence generate A for all the earlier
known cases and for several new ones. This criterion also enables one to construct A for
any M, N, s and ¢ satisfying (1.1). We have included here the solution to the problem
(for all the possible parameter combinations with st =15) obtained by a computer
search made easy with the help of the criterion.

2. Preliminaries. A linear recurrent sequence {x;} of the elements of GF(q), (q: a
prime power) of period q" —1 may be obtained from the recurrence relation

(2.1) X;=a1Xi—-1+azx;z+- - +anXi-p

over GF(q) with arbitrary nonzero initial condition if the constants a;, as,- -+, a, €
GF'(q) are chosen such that the polynomial

(2.2) x"—aix" '—ayx" "~ -—a,

is primitive over GF(q). We will use the following property of this maximal length
recurrent sequence (MLRS).
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LEMMA 1. Let B be the root of the polynomial (2.2) and iy, iz, - - * , in, any n integers
such that B, B, ---,B"™ are linearly independent over GF(q). Then the n-tuple
(Xisiys Xivigs * * * » Xiwi, ) assumes all the nonzero values exactly once in the range 0=i =
q" 2.

Proof. Solution of (2.1) can be expressed as [6]

X; = Tr (bB’),

where Tr denotes the trace function

Tr(@)=a+a’+a®+ - -+a"

from GF(q") onto GF(q) and b € GF(q") is determined by the initial conditions. Then

R
;?—12 Btz B?q e B'?q"_l (bgt)q_l
Xivi A AR - A RO

The matrix on the right-hand side is nonsingular over GF(q) as the elements in the
first column are linearly independent by assumption. Thus there is a one-one cor-
respondence between the n-tuple (x;.+i,, Xi+i, * * * » Xi+i,) and the quantity 53°. But as 8
is the primitive element of GF(q"), b8 and hence (Xi+iys Xivigs * * * 5 Xivi,) takes all the
possible ¢" —1 nonzero values as i runs over 0=i=q" —2.

Since we are interested in binary matrices we will restrict ourselves to q =2.
However it should be mentioned that the methods developed in this paper can be
generalized to the case of matrices with g symbols.

Consider an MLRS {x;} of period 2* — 1 generated by (2.1) with n = st. We now
state the central result of this paper.

THEOREM 1. If A is filled as

AUy V) = Xf(u0)s O=su=N-1, Osv=M-1,
such that

(C1 fis linear in u and v,

(C2) when u and v are restrictedto 0=u =N —t,0=v =M —s, f(u, v) are all distinct
modulo 2% —1;

(C3) B“P 0=su=r-1,0sv=s-1areall linearly independent over GF (2) where
B is the root of (2.2) with n = st;

then each binary t X s pattern occurs as a submatrix of A exactly once.

Proof. Denoting f(u, v), 0=su=t—1,0=v=s-1by iy, iz, it is obvious
from (C1) that any ¢Xs submatrix in A with its left-hand top corner at (u, v) has
elements

Xitigs Xitizs * * * » Xivi, Wherei=f(u, v).

Further, as u, v runover 0=u=N—t and 0=v =M —s5, (i.e., all possible coordinate
values taken by the left hand top corners of ¢ X s submatrices), i runs over 0 to 2% —2
because of (C2) and (1.1). Finally, from (C3), 8", B2, - - -, B’ are linearly independent
over GF(2) and hence an application of Lemma 1 gives the required result.
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3. Generation of A matrix. Several schemes to fill up A to satisfy the conditions
(C1)-(C3) may be given.
Scheme 1.
flu, v)=u+to, O=su=2"+t-3, Osv=s-1

generates a matrix A with N =2"+¢—2 and M =s. Here, (C1) is obvious. To check
(C2), note that for 0O=u=N—-t, 0sv=M—-5=0, f(u, v)=u and therefore in this
range all f(u, v) are distinct modulo 2% — 1. Finally, the set {3/ “”|0=u=r-1,0=sv =
s—1}is {1, 8,B8% - - -, B* '} elements of which are necessarily linearly independent
over GF(2) giving (C3). The generated matrix A will then have the desired properties
by Theorem 1. This leads to Banerji’s case (i).

The mappings

fu,v)=M—-s+1Nu+v (H mapping)
fu,v)=u+N—-t+1)v (V mapping)
O0=u=N-1, O0=sv=M-1,

obviously satisfy (C1). In the case of H mapping, when u and v are restricted to
O0=u=N-1t,0=v=M —s, one gets 0= f(u, v) =2* —2 by using (1.1). Thus, if in this
range f(u1, v1) =f(u2, v2) (mod 2* —1), then (M —s +1)(u1 — uz) = (v2—v1). But, M —
s +1 cannot divide v, —v; (as 0=vy, v; =M —s) unless v, = v; and in that case u; also
equals u,. Thus f(u, v) are distinct modulo 2* —1 in this range showing that (C2) is
satisfied. Similarly, V mapping also can be shown to satisfy (C2).

We now present three more schemes based on H and V mappings which satisfy
(C3).

Scheme 2. When t =1, choosing H mapping, the set {8'“”|0=u=:t-1=0,
0=sv=s-1}is{1, B, B> -, B '}. Its elements are linearly independent over GF(2)
as B is the primitive element of GF(2*). Thus (C3) is satisfied and the matrix generated
will have the required properties.

Scheme 3. When M =2s—1, using H mapping, f(u, v) =su+v. Then the set
(B 0=su=t-1,0=0=s-1}={1,8,8% -, B '} has elements which are
linearly independent over GF(2) as 8 is the primitive element of GF(2*). Thus (C3) is
satisfied and one gets the matrix with the required properties.

Scheme 4. Let z =(2* —1)/(2°—1) and j any integer satisfying j|(2° — 1) and

(3.1) 2]—,“1)((2‘1—1), 0<d<s.

When A has dimensions N=zj+¢t—1 and M =(2°-1)/j+s—1, one may use V
mapping. Then f(u, v) = u + zjv. To check (C3) one should prove the linear indepen-
dence over GF(2) of the elements of {8“**°|0=u=t—1, 0=v=s—1}. Note that
B € GF(2°) and (3.1) implies that 87 does not belong to any subfield of GF(2°). In
other words, 1, 87, %%, - - -, B“*V% are linearly independent over GF(2) because
otherwise 87 will satisfy a polynomial of degree=s—1 over GF(2) implying B8
belongs to a proper subfield of GF(2°). Further, 1, 8, 82, -+, B8""" are also linearly
independent over GF(2°) because 8 cannot satisfy a polynomial of degree less than ¢
over GF(2°). Now if a linear combination of 8“**" is equal to zero, then
t—1 s—1

0= z z auDBu+zjv

u=0v=0

t—1

-3 (Bgl auB™),  aweGF(Q).

u=0
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The result of the inner summation belongs to GF(2°). But as {8“|0=u =t—1} are
linearly independent over GF(2°), one has from this

s—1 .
0= Z auvﬁZJu
u=0

which, from the linear independence of {87°|0=v =s—1} over GF(2) gives a,, =
0,0=u=t—1,0=v=s—1. Thus (C3) is satisfied and A will have the required
property.

j =1 trivially satisfies (3.1) and gives dimensions identical to Banerji’s case (ii).
Table 1 lists the possible values of j for 1 = s = 18 satisfying (3.1). Each j gives a matrix
with distinct parameters.

Example. To illustrate Scheme 4, consider ¢t =2 and s =4. One then has z =17
and by choosing j =3, N =52 and M = 8. The required 52 X 8 binary matrix A may be
obtained by

AU, v) =Xy1510 O0=u=51, 0=v=7,
where {x;} is obtained from the recurrence relation over GF(2):
Xi =Xi—1+Xi—2+Xi—7+ Xi—g

(For a list of primitive polynomials over GF(2), refer to [4]). With the initial conditions
xo=x1= - -=x6=0, x;=1, one gets the MLRS as

0000O0O0OO0O011011010100

TABLE 1
Allowed values of j for 1=s=18

s allowed j
1 1
2 1
3 1
4 1,3
5 1
6 1,3,7
7 1
8 1,3,5,15
9 1,7
10 1,3,11,31,93
11 1
12 1,3,5,7,9, 13, 15, 21, 35, 39, 45, 63, 91, 105, 117, 315
13 1
14 1,3,43,127, 381
15 1,7,31,151,217
16 1,3,5,15,17, 51, 85, 255
17 1

18 1,3,7,9,19, 21,27, 57, 63,73, 133, 171, 189, 219, 399, 511, 657, 1197, 1387, 1533, 1971,
4599, 9709, 13797
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We give below the transpose of the required matrix whose rows, for convenience, have
been coded in right justified octal representation.

0006 6504571304314 3
141407 3025447163537
1733170656207 354673520
0100557 467 05%6 46 25 2
02212046437 2%64517°F6
0006 650457 13043143
141407 3025447165317
17331706 5620752673520

4. Solutions for ¢s =15. The schemes described in the last section do not provide
matrix A for all possible combinations of the four parameters satisfying (1.1). However
in the cases not covered under the schemes, it may still be possible to obtain the required
A matrix by utilizing the V or H mappings described earlier (which already satisfy (C1)
and (C2) and finding a primitive polynomial of degree st such that (C3) is also satisfied.
This calls for only a checking of linear independence over GF(2) of st different powers
of B. With the tables of primitive polynomials already available [4], this task can be
performed very rapidly with the help of a computer.

‘We have made a computer search based on this and have obtained solutions in all
the cases for s =15. The results given in Table 2 provide ready design data in these
cases. In this table the entries in the column ‘mapping’ denote either H mapping or V
mapping described in § 3. N — ¢ + 1 takes all values dividing 2* — 1. M can be computed
using (1.1). The primitive polynomials used are:

P1 : x®+x+1,

P2 : x4+t +x3+x+1,

P3 : x"+x3+1,

P4 x+x*+x3+x+1,

P5 : x+x%+x*+x+1,

P6 : x+x+x°+ x4+ x x4+ x +1,

P17 : x12+x“+x1°+x8+x6+x4+x3+x+1,

P8 : x12+x”+x6+x4+x2+x+l,

P9 : x12+x11+x9+x7+x6+x5+1,

P10: x14+x13+x11+x7+x6+x5+x4+x3+x2+x+1,

P11: x15+x12+x9+x8+x6+x3+1,

P12: xP+x x4+ xSt PP + 1.
In the cases under Schemes 3 or 4, any primitive polynomial of degree st may be used.

The cases when either N—¢t+1=1(orM —s+1=1)ort=1 (or s = 1) are not included
in the table as they can be directly obtained from Schemes 1 and 2 respectively.
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TABLE 2
Design of A matrix when ts =15

t s N-t+1 Mapping Polynomial
2 2 3 H Any (Scheme 4)
5 \4 Any (Scheme 4)
2 3 3 H Any (Scheme 4)
7 H P1
9 |4 Any (Scheme 4)
21 H Any (Scheme 3)
2 4 3 H Any (Scheme 4)
5 H P2
15 H P2
17 \4 Any (Scheme 4)
51 |4 Any (Scheme 4)
3 3 7 H Any (Scheme 4)
73 1% Any (Scheme 4)
2 5 3 H Any (Scheme 4)
11 \%4 P3
31 H P3
33 \'4 Any (Scheme 4)
93 H P4
2 6 3 H Any (Scheme 4)
5 \'%% P6
7 H P8
9 H P7
13 H P8
15 H P9
21 H P7
35 H P8
39 H P8
45 H P6
63 H P9
85 \4 Any (Scheme 4)
91 H P8
105 H P8
117 H P7
195 \% Any (Scheme 4)
273 H P8
315 H P9
455 \4 Any (Scheme 4)
585 H P8
3 4 3 \4 Any (Scheme 3)
5 \% P5
7 H Any (Scheme 4)
9 \% P5
13 \'4 PS
15 \%4 P6
21 |4 P5
35 \%4 P6
39 H P6
45 \%4 P7
63 H P7
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TABLE 2 (Contd.)

t s N-t+1 Mapping Polynomial
85 \% P5
91 H P8
105 \'4 P5
117 H P5
195 \'4 P5
273 \% Any (Scheme 4)
315 \'% P9
455 \% P5
585 H P5
819 \% Any (Scheme 4)
2 7 3 H Any (Scheme 4)
43 H P10
127 H P10
129 \% Any (Scheme 4)
381 H P10
3 5 7 H Any (Scheme 4)
31 H P11
151 \'% P11
217 |4 P11
1057 \'4 Any (Scheme 4)
4081 H P12
REFERENCES

[1] R. B. BANERJI, The construction of binary matrices with distinct submatrices, IEEE Trans. Computers,
C-27 (1978), pp. 162-164.

[2] B. GORDON, On the existence of perfect maps, IEEE Trans. Information Theory, IT-12 (1966), pp.
486-487.

[3] F. J. MAcwILLIAMS AND N. J. A. SLOANE, Pseudo-random sequences and arrays, Proc. IEEE, 64
(1976), pp. 1715-1729.

[4] W. W. PETERSON AND E. J. WELDON, JR, Error Correcting Codes, MIT Press, Cambridge, MA, 1972.

[5] 1. S. REED AND R. M. STEWART. Note on the existence of perfect maps, IEEE Trans. Information Theory,
IT-8 (1962), pp. 10-12.

[6] J. H. VAN LINT, Coding Theory, Springer-Verlag, Berlin, 1971.

[7] J.H. VAN LINT, F. J. MACWILLIAMS AND N. J. A. SLOANE, On pseudo-random arrays, SIAM J. Appl.
Math., 36 (1979), pp. 62-72.



SIAM J. ALG. DISC. METH.

© 1980 Society for Industrial and Applied Mathematics
Vol. 1, No. 1, March 1980

0196-5212/80/0101-0015 $01.00/0

RANDOM WALKS ON A 600-CELL*
GERARD LETACt aND LAJOS TAKACS}

Abstract. In a series of random walks (random flights) a traveler visits the vertices of a 600-cell (a
four-dimensional regular polytope). The traveler starts at a given vertex and in each walk, independently of
the others, chooses a vertex at random as the destination. In each walk the transition probability depends only
on the distance between the starting vertex and the end vertex. In this paper we determine the probability that
the traveler returns to the initial position at the end of the nth walk.

1. Introduction. In this paper we shall study random walks (random flights) on a
four-dimensional regular polytope, the 600-cell. There are six four-dimensional
regular polytopes: the regular simplex, the cross polytope, the measure polytope, the
24-cell, the 600-cell and the 120-cell. See Table 1 where {p, q, r} is the Schlafli symbol
and Ny, N3, N,, N are the numbers of vertices, edges, faces and cells of the polytope.
The symbol {p, q, r} means that the faces of the polytope are p-gons, a vertex belongs to
q faces and an edge belongs to r cells. We note that No— N;+N;—N3;=0. For the
theory of regular polytopes we refer to H. S. M. Coxeter [1], D. M. Y. Sommerville [7]
and L. Schlifli [4]. The 600-cell has been studied in detail by P. H. Schoute [5], S. L. van
Oss [8], [9] and D. M. Y. Sommerville [6].

TABLE 1
Regular polytopes in four dimensions

Polytope Schlifli symbol Ny N, N, N;
Regular simplex {3, 3,3} 5 10 10 5
Cross polytope {3,3, 4} 8 24 32 16
Measure polytope {4, 3, 3} 16 32 24 8
24-cell {3,4,3} 24 96 96 24
600-cell {3, 3,5} 120 720 1200 600
120-cell {5, 3,3} 600 1200 720 120

In a previous paper [2] the authors have already studied random walks on the first
four polytopes of Table 1. Here we are concerned with random walks on the 600-cell.
We shall use the notations x = (x1, X2, X3, X4), Y= (Y1, Y2, ¥3, ya), - + - for the points
of the four-dimensional Euclidean space. We define the norm of x by |ix|=
(x? +x3 +x3 +x3)"?, the distance between x and y by [x —y|, and the inner product of x
and y by (X,y) =x1y1 +X2y2+X3Y3+ X4Ya.
A 600-cell contained in a sphere of radius 2 and center (0, 0, 0, 0) has the following
120 vertices: the 8 permutations of (+2,0,0,0), the 16 permutations of
(£1, 1, £1, £1) and the 96 even permutations of (+7, +1, +77 ', 0) where

_1+V5
2

1) T =1.6180339887---.
We shall denote the vertices of this 600-cell by x, (r =0, 1, - - -, 119). This polytope has
720 edges of length 27~ ' =2(r — 1).

First, we suppose that a traveler takes a series of random walks along the edges of
the 600-cell. The traveler starts at a given vertex and in each walk, independently of the

* Received by the editors, November 13, 1978.
+ Départment de Mathématiques, Université Paul Sabatier, 31400, Toulouse, France.
1 Department of Mathematics and Statistics, Case Western Reserve University, Cleveland, Ohio 44106.
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others, moves along an edge to one of the 12 adjacent vertices with probability 1/12.
Denote by p(n) the probability that at the end of the nth walk the traveler returns to the
initial position. We shall prove that

1 1 1 1
2) 120p(n +2) =1+ +(2,, 3,,) (vn+2+(2 ))
forn=0,1,2,- - - where v, v1, 03, - - - are the co-called Lucas numbers defined by
1 +V5)" +(1-5)"
(3 Vn = m
2
forn=0,1,2,---. Starting from vo=2 and v, =1, we can also determine v, by the

recurrence formula v, =v,+1+v, (n=0,1,2,- ). (See E. Lucas [3].)

We shall obtain the above result as a particular case of a more general one. In the
more general problem we assume that the traveler takes a series of random flights on the
600-cell. The traveler starts at a given vertex and in each flight chooses a vertex at
random as the destination. The successive flights are independent and in each flight the
transition probability depends only on the distance between the starting vertex and the
end vertex. Define v, as the initial position and v,, (n =1, 2, - - -) as the position of the
traveler at the end of the nth flight. The distance between any two vertices may take
only nine possible values: do, dy, -+, dg. Let do<d;< - -+ <dg. Then dy=0 and
ds = 2. Denote by o; the number of vertices whose distance is d; from a given vertex. We
assume that the probability of the transition v, > v,, is p; if |V, — v,.—i1|| = d; where p; = 0
and

8

(4) Z op; = 1.
j=0
The numbers o; (=0, 1, - -, 8) are given in Table 4.

We are interested in determining p(n), the probability that at the end of the nth
flight the traveler returns to the initial position. The sequence {v,; n=0,1,2,--:}isa
homogeneous Markov chain and we can determine p(n) by calculating the n-step
transition probabilities. Since the state space contains 120 states, it is not easy to
determine the nth power of the transition probability matrix. Fortunately, we can solve
the problem in a simpler way too. Let us choose a fixed vertex, say, xo = (0, 0, 0, 2), and
define &, =7 (j=0,1,- -, 8)if|v. —xo||=d;. It can be shown that {¢&,; n =0, 1,2, - - -}is

a homogeneous Markov chain with state space I={0,1,2, -, 8} and transition
probabilities
8
(5) Dij = Z QijkPks
k=0
where a;;, is equal to the number of subscripts r =0, 1, 2, - - -, 119 for which ||x, — xo|| =

d; and ||x, —x,|| = d, and x; is any vertex for which |[x, —xo|| = d;. We shall determine the
transition probabilities

(6) P{¢, =k|éo=i}=pW’

foriel,jel and n=0,1,2,:--.Then p(n)= p(") is the probability that the traveler
returns to the initial position in n flights.
We shall prove that

(7) 120ptk =0k Z hz]hk]

j=0
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where

8
(8) Aj= go Py
and the matrices [h;]and [A;, ] are given in Tables 2 and 3. In Tables 2 and 3, 7 is defined
by (1) and 7 '=7—1. In the above formulas Do, P1,* * * , Pg are nonnegative numbers
satisfying (4).

TABLE 2
hy;
i ;0 1 2 3 4 5 6 7 8
0 1 4 3 3 5 4 6 2 2
1 1 -1 T -0 1 -1 T -t
2 1 1 0 -1 -1 1 1
301 -1 -t g 0 -1 1 -7
4 1 0 -1 -1 1 0 0 0 0
5 1 -1 —' g 0 1 -1 -t g
6 1 1 0 -1 1 0o -1 -1
7 1 -1 T -7t 0 1 1 - 7!
8 1 4 3 3 5 -4 -6 =2 -2
TABLE 3
)\j,,

i v 0 1 2 3 4 5 6 7 8
0o 1 12 20 12 30 12 20 12 1
1 1 -3 5 -3 0 -3 5 -3 1
2 1 4r 0 -4t -10 —477! 0 47 1
3 01 —4r7! 0 4r -10 4r 0 —477! 1
4 1 0 -4 0 6 0 -4 0 1
5 1 3 -5 -3 0 3 5 -3 -1
6 1 -2 0 2 0o -2 0o 2 -1
7 1 67 10 677! 0 —6r' —-10 —6r -1
8§ 1 —-6r' 10 —67 0 67 -10 677 -1

In particular, it follows from (7) that
9) 120p(n) =Ao+16AT +9A5 +9A5 +25A4 +16A %2 +36A¢ +4A5 +4A%

forn=0,1,2,---.1f py=1/12 and p; =0 for j # 1, then (9) reduces to (2).

Before proving (7) we would like to mention another generalization of (2). Denote
by D(x,, x,) the smallest number of edges in the paths connecting the vertices x, and x,0f
the 600-cell. The possible values of D(x,, x) are 0, 1,2, 3,4, 5. Let us assume, as an
alternative, that in the random flights, the transition v,_, - v, has probability g; if
D(v,_1,v,) =] where ¢; =0 and

(10) q0+ 12q1+32(,I2+42q3+32q4+q5=1.

Then, p(n), the probability that the traveler returns to the initial position at the end of
the nth flight, is given again by (9) where now po = qo, p1 = q1, p2 = P3 = q2, ps =ps = q3,
Ps=p7=4q4 and pg=gs.
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2. The numbers a;;;. We denote by x,(r=0, 1, 2, - - -, 119) the 120 vertices of the
600-cell and fix x,=(0, 0, 0, 2). We can divide the 120 vertices into 9 sets S; (j =
0,1,---,8)sothatS; contains the verticesx, (r=0, 1, 2, - - -, 119) for which ||x, — x| =
d;. If ||x, —xo||=d;, then D(x,, xo) =D; is uniquely determined. If ||x, —xo||=d;, then
(xs, Xo0) = ¢ =(8—d,?)/2. Table 4 contains S;, o;, d,z, D; and ¢; for j=0,1,---,8. The
number of vertices in the set S; is o;. In Table 4 only some representative vertices are
displayed. To obtain all the vertices in the set S; we need to equip the first three
coordinates in each vertex by the signs + and form the cyclic permutations of the first
three coordinates. We note that if we use a computer to calculate the distances
X, —xol| = d; or the inner products (x,, Xo) = c;, then we can use the equations [(d} +
1)/2]=[4.5—c¢;] =] for the determination of the appropriate S;.

TABLE 4
Jj 0 1 2 3 4
S; (0,0,0,2) (1,0,77%,7) 1,1,1,1) (r,0,1, 771 (2,0,0,0)
(n771,0,1) (n1,77,0)

o 1 12 20 12 30
d? 0 6-2v5 4 10-2v5 8
D; 0 1 2 2 3

¢ 4 27 2 2771 0

i 5 6 7 8

S (n0,1,-r"hH  (1,1,1,-1) 1,0,77%, ~=7) (0,0,0,-2)

(r,771,0,-1)
o; 12 20 12 1
d? 6+2V5 12 10+2Y5 16
D; 3 4 4 5
¢ —277! -2 27 -4

Since [|x, = x,|> = %, I +[Ix,[” — 2(x., x,) and |Ix | = [Ix,]| = 2, it follows that [lx, —x,]| =
d; if and only if (x,, x;) =c;. Thus we can characterize S; as the set of vertices x,
(r=0,1,---,119) for which (x,, Xo) = ¢;. Since xo=1(0, 0, 0, 2), therefore it is indeed
very easy to sort the vertices x, (r=0, 1, - - -, 119) into the sets So, S1, - -, Ss.

We can easily enumerate a;;, if we use the following equivalent definition: a;; is
equal to the number of subscripts r=0,1,2,---,119 for which (x,, xo) =¢; and
(x,, Xs) = ¢, and x; is any vertex for which (x,, xo) = ¢;. Tables 5, 6, 7, 8 contain a;j for i,
]"—-0, 1,---, 8 and k& =1, 2, e, 7. ObViOUSly Aijo=a;8—j8= 1 if l=] and aijo =
aig—j8 = 0if i #j.

If we choose x, such that x;.0-,=—x, for r=0,1,::-,119, then it follows
immediately from the definition of a;; that

(11) Qijc = Ag—ig—jk
and
12) Aijk = Ai,8—j,8—k-

Furthermore, we have

(13) Aijic = Qikj
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and
8
(14) Y ik = 0%
j=0
fori=0,1,---,8.
TABLE 5 TABLE 6
aij1= Ai8-j7 QAij2 = Aig—j6
iNj 0 1 2 3 4 5 6 1 8 iNj 0 1 2 3 4 5 6 71 8
0 12 0 20
1 1 5 5 1 1 s 55 5§
2 33 3 3 2 1 3 6 6 3 1
3 15 5 1 3 S S S5 5
4 2 2 4 2 2 4 2 4 2 4 2 4 2
5 1 5 5 1 S 5 S 5 5
6 3 3 3 3 6 1 3 6 6 3 1
7 1 5 51 7 S 5§ 55§
8 12 8 20
TABLE 7 TABLE 8
Qij3 = Aig—j5 Qija
iNj 0 1 2 3 4 5 6 71 8 iNj 0 1 2 3 4 S5 6 1 8
0 12 0 30
1 1 5 5 1 1 5 5 10 5 5
2 3 3 3 3 2 3 6 3 6 3 6 3
3 1 5 5 1 3 5 5 10 5 5
4 2 4 2 4 1 4 4 4 4 4 4 4 1
5 1 5 5 1 S 5 5 10 5 5
6 3 3 3 3 6 3 6 3 6 3 6 3
7 15 5 1 7 5 5 10 5 5
8 12 8 30

3. The probabilities p{%’. We consider the Markov chain {¢,; n =0, 1, 2, - - -} with
state space I ={0, 1,2, - - -, 8} and transition probability matrix

(15) w=[pijlijen

where p; is defined by (5). If we arrange the nstep transition probabilities in the form of
a matrix, then we get

(16) [P Joker = ="

forn=0,1,2,---.Thusin order to find pﬁfc‘) we need to determine . If we can form
the Jordan decomposition of r, then w" can easily be obtained. However, for the first
sight, it seems hopeless to solve the characteristic equation of a 9 X9 matrix whose
elements depend on 8 parameters. Fortunately, several favorable circumstances make
it possible to determine the Jordan decomposition of 4.

By (5) we can write that

8
17 w= ) DA
K=0
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where

(18) A= [aijk]i,jel
fork=0,1,---,8.

First, let us consider the matrix A;. The elements of A; satisfy the symmetry
relation a;; = ag—;s—;1 and thus by using the method described in. the Appendix we can
reduce the problem of finding the Jordan decomposition of A; to the problem of finding
the Jordan decompositions of a 4 X4 matrix and a 5X 5 matrix. Thus we obtain that

(19) A H=HA,,

where the elements of the matrix H={[h;;];cr are given in Table 2 and A, is one of the
matrices

(20) A= [5ii)‘iu]i,ie1-
In (20) 6, = 1fori=j,8;=0fori#jandAj, (jel,vel)aregiveninTable 3.In (19) the
matrix H is nonsingular and thus A;; (j=0,1,---,9) are the eigenvalues of A;. The

nine eigenvalues of A; are distinct.
Luckily H has a simple inverse. We observe that if H' is the transpose of H, then

(21) HH' = 120[6,07 '1ijen

that is, HH' is a diagonal matrix and the diagonal elements are 1200%" (k € I) where o
(k €I) are given in Table 4.
Quite surprisingly, it turns out that

(22) Ak H= HAk

holds not only for k =1 butforevery k =0, 1, 2, - - -, 8. Since A, is the identity matrix,
(22) obviously holds for k = 0. If (22) is true for k =0, 1, 2, 3, 4, then by symmetry it is
true for k =5, 6,7, 8 too. Thus it remains to check (22) for k =2, 3,4.Ineachcase (22) is
indeed correct. It would be interesting to infer (22) from the structure of the symmetry
group of the 600-cell. This would save some calculations. By (22) it follows that the
eigenvalues of A, are Ay (j=0,1,---,8).

Finally, by (17) and (22) it follows that

(23) wH=HA,

where

(24) A= [5ij)\i]i,fe1

is a diagonal matrix with diagonal elements A; (j =0, 1, - - -, 8) given by (8). Accord-
ingly, the eigenvaluesof ware A; (j =0, 1, - - -, 8) defined by (8). By (21) and (23) we get
(25) 1207 = H[5;A; JH'[ S0+ ).

Thus we arrived at the Jordan decomposition of & and by (25) we have

(26) 120m" = H[§;A [ TH'[8,07]

foralln=0,1,2,---.Hence (7) follows.
Appendix. Let us suppose that the elements of the matrix
(A.1) A=[a;lijen
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where I ={0, 1, - - - , m}, satisfy the symmetry relation
(A.2) QAij = Am—iym—j
for i, je I. Define

a,'l'+a,‘,m_,‘ forOézgg, 0§]<;,
(A3) b,‘,‘ =
a; for0=i ém, j = (m =even)
2 2
and
(A.4) m . m .
Cij = Qij — Ajm—j f0r~2—<z§m, E<]§m

andwrite 1 ={i:0=i=m/2}and L={i:m/2<i=m}.
If there exist two nonsingular matrices [B;;]; jcr,, and [y;]ijer, such that

(A.S) (b 1Bx]=[BsllduAc] (i), kel)
and
(A.6) Leillvik]=[villdure] (s j, ke D),
then there exists a nonsingular matrix [e;;];jcr such that
(A7) [aillej ] =[a;ldpAe] (), kel)
and we have

Bi; ifiel,, jeli,
(A.8) = Vij ifiel,, jel,

Bm-i,j ifiGIz, jGIl,
~Ym—i,j ifiGIl, jGIz,

where vy;; =0 if i = m/2 and m is an even integer.
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ASYMPTOTIC EQUILIBRIA IN A CLASS OF N-PERSON
SYMMETRIC GAMES*

HARVEY DIAMOND*

Abstract. In a class of symmetric N-person games we consider the behavior, for large N, of the symmetric
equilibrium. In the game each player independently chooses one of M alternatives; the payoff is a decreasing
function of the number of players choosing the same alternative. Asymptotic approximations for the
equilibrium strategy and payoft are obtained. A number of examples are treated in detail. We also consider
the maximin strategy of a single player against N — 1 minimizing opponents. It is shown, for a certain subclass
of payoff functions, that this maximin payoff is asymptotic to the symmetric equilibrium payoff and the
maximin strategy is related asymptotically to the symmetric equilibrium strategy.

1. Introduction. In this paper we investigate the symmetric equilibrium of the
following noncooperative symmetric N-person game: Let N players independently
choose one of M alternatives. The payoff to each of n players who choose alternative i is
denoted by S;(rn). Initially, we require only that the functions S;(n) be nonincreasing but
not constant. Certain asymptotic requirements on the S;(n) will be added later.

As suggested by the title, our primary concern is describing the behavior and
properties of the symmetric equilibrium for large N. The asymptotic procedures and
results developed in § 3-5 apply to a fairly large class of payoff functions whose
members are characterized by an asymptotic condition and, roughly speaking, have the
following property: If the function f(x), x =0, is in the class then E[f(X)]~f(Np) as
N —» 00 where X is a binomial random variable with distribution B(N, p) and E[-]
denotes expectation. This property allows the asymptotic expansion of the expected
payoffs which appear in the equations for the equilibrium. Formal definitions and
theorems appear in § 3.

After obtaining some general first order results in § 3, we develop in §§ 4 and 5
asymptotic expansions for the symmetric equilibrium probability distribution and
payoff in a number of special cases, chosen both for their individual interest and to
illustrate collectively the wide range of asymptotic behavior possible within the class of
treatable payoff functions. These cases include S;(n) ~a;/n® and S;(n) ~a;/n™.

We will also consider, for large N, the behavior of the optimal strategies and payoft
when our game is played by a single player versus an N — 1 player coalition seeking to
minimize his payoff. The optimal payoff in this game gives the single player a lower
bound on what he can obtain in the non-cooperative game; his corresponding optimal
strategy guarantees at least this lower bound. In § 3 we obtain results which relate, for
large N, the optimal strategies and payoff in the coalitional game with those of the
symmetric equilibrium in the noncooperative game. In particular, we show that
the payoffs are asymptotically equal and, in the examples treated later, show that
the symmetric equilibrium strategy is asymptotically optimal for the single player
in the coalitional game.

In § 4 we consider a dynamic version of our game in which the alternatives are
presented and chosen sequentially. For large N we show that the sequential nature of
the game has no effect to first order on the equilibria. Finally, § 7 contains some general
remarks about the results obtained and some further questions concerning extensions
of the asymptotic analysis.

* Received by the editors February 26, 1979.
+ Department of Mathematics, West Virginia University, Morgantown, West Virginia 26506.

121



122 HARVEY DIAMOND

2. Equations and structure of the equilibrium. For the purposes of this paper, the
term symmetric equilibrium (often simply equilibrium) refers to a common randomized
strategy for the players having the property that no player can improve his expected
payoft by unilaterally changing his strategy.

The existence of a symmetric equilibrium in symmetric games was proved by Nash
[2]in an early paper on equilibria in N-person games. We will show uniqueness for our
particular game later in this section.

We introduce some notation first. Let

p; = probability of choosing alternative i under the equilibrium strategy.

A =the set of active alternatives, i.e. those i for which p; >0.

I =the set of inactive alternatives having p; = 0.

C = the expected payoff to each player under the equilibrium strategy.

For a particular player, let

n; =the random variable giving the number of his opponents who choose alter-
native i under the equilibrium strategy. Observe that »; has a binomial distribution with
parameters (N —1, p;) or notationally, n; ~ B(N —1, p;).

If the random variable X ~ B(N —1, p), define the functions

N-1 —
Lp=esa+xi=x (V.

)SA+RpE =PI i1 M
The equations for the equilibrium strategy {p;}}* and payoff C are then

M
C=L(p);  C>L(p)=>p=0; X pi=1

We note that if i € A then C = L,(p;) and if j € I then L;(p;) = S;(1). The equations for
the equilibrium may then be rewritten as

(2.1) C=Li(p), ieA; C=z=SQ1), jeI; X pi=1
icA
To prove the uniqueness of the equilibrium we need the following:
ProposITION 1. For p € (0, 1), L;(p) is monotone decreasing.
Proof. We easily calculate

arjdp=(N-13 (N %) site+2) -8k + DI A=Y

The functions S;(k) were assumed nonincreasing but not constant so each term in the
sum is nonpositive and at least one is negative.

THEOREM 1. There is a unique symmetric equilibrium.

Proof. If { p;} and {p;} are two distinct symmetric equilibria there exist indices j and
k such that p; >p; and pi <p}. Evidently p; >0 and pi >0 so that L;(p;) = L«(pi) and
Li(pi)=L;(pj). Applying Proposition 1 however, L;(p;) <L;(pj)=Li(pi) <Li(px)
and a contradiction is obtained.

Using Proposition 1 and Theorem 1 we can prove the following useful result:

PROPOSITION 2. For any probability distribution {p;} we have

mifgL,»(pé)éCé max L;(p;), where A'=(i: p; >0)

Proof. If {pi} is the equilibrium strategy then the conclusion obviously holds.
Otherwise there exist indices j and k such that p,>p; and p.<pi Then
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min;ear Li(pi) = Li(pi) <Li(p) =C =L;(p;)<L;(p}) =max; L;(pi). This proves the
proposition.

Proposition 2 shows that, roughly speaking, any strategy and payoff which
produces a good approximation to (2.1) necessarily provides a good approximation to
the equilibrium payoff.

Propositions 1 and 2 render the structure of the equilibrium relatively transparent.
By ‘“‘structure” is meant the classification according to player of those pure strategies
which have positive probability and those which have zero probability in the equili-
brium being considered. In the computation of equilibria there are many possible
structures to search through in general. For the symmetric equilibrium of our game
however, it is easy to see at most M different possibilities for the set A exist: Renumber
the alternatives so that S;(1) is a nonincreasing sequence. Then (2.1) and Proposition 1
together imply that the sets A and I are of the forms A={1,2,--:,k} and I=
{k+1,k+2,- -, M} (of course I is empty if k = M). A simple algorithm for computing
the solution would be to successively try k =1, 2, - - - at each stage solving the equations
L(p))=C, Y, pi=1,i=1, -+, k

In producing successive approximations while solving these equations we use
Proposition 2 to discard alternatives which cannot be active by virtue of their value of
S:(1) falling below the lower bound for C; and cease computations at the present value
of k and increment by 1 if Si,1(1)>max;ca Li(pi) = C’ occurs. The structure of the
equilibrium is determined when either kK =M or Si.1(1) =min;ca L;(p}) occurs.

While it is certainly possible to refine the preceding algorithm to a certain extent we
will not delve into the details here as the computational aspects of the solution are not
our primary interest. Similarly we will not consider the numerical solution of the
nonlinear equations in (2.1). The following sections deal with the asymptotic behavior
of the p; and C under various additional assumptions on the S;(n).

3. Some general asymptotic results. Our motivations for investigating asymptotic
behavior and developing asymptotic approximations for the equilibrium are several:

(a) The numerical solution becomes more difficult for large N;

(b) The asymptotic solution becomes more accurate for large N;

(c) The asymptotic solution exhibits analytically the dependence of the solution on
N and the parameters of the problem. This dependence is often of a simple character
capable of explicit description via elementary functions.

(d) The asymptotic solution has a number of interesting and intuitively appealing
properties.

Notationally, it will often be necessary to explicitly point out the dependence of the
solution on N by writing p;(N) and C(N). Asymptotic approximations will generally be
denoted by an asterisk viz. pF(IN), C*(N). For the remainder of the paper we will
assume that S;(n)— 0 as n > oo for each i.

A simple asymptotic result is the following:

THEOREM 2. If for each i, S;(n)->0 as n > then C(N)->0, Np;(N)-> and
Np;(N)q;(N)-> 0 as N > for each i, where q; =1 —p;.

Proof. We first show C(N)—0. For each m=1, n =1 we have

(3.1) Si(n)=S:(1)2" "+ S;(m).
By definition, L;(p) = E[S:(1+ X)] where X ~B(N —1, p). Using (3.1) gives
Li(p)=S:(1)2" 'E[27 %]+ Si(m) =S:(1)2" " (1 —p/2)N ' + Si(m).
Now for each N there is some index j for which p;(N)=1/M. Then
C(N)=L;(p)=5,(1)2" ' [1-1/@M)" " + 5;(m).
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Letting N - 00, we have

lil\rln sup C(N)=max S;(m)

and by choosing m large enough we can make the right hand side as small as we like.
Thus C(N)-0.

For the second part of the proof, suppose that for some i, Np;(N) doesn’t go to
infinity. Then there exists a constant K such that Np;(N) <KX for infinitely many N. For
such an N, sufficiently large

C(N)=Li(p) = S:(1)[1-p:(N)I¥ > S;(1) exp (—2K)

which contradicts C(N)—0. Thus Np;(N)-co. It then follows that Ng;(N)- oo and
finally Np;(N)q:(N) - co. This completes the proof of Theorem 2.

It follows from Theorem 2, in particular the fact that C(N)-0, that for N
sufficiently large all alternatives are active. The equations for the equilibrium are then

M
3.2) C=E[S:(1+n;)], wheren,~B(N—1,p;); Ypi=1.
1

The asymptotic evaluation of E[S;(1+#;)], on which the bulk of our results
depend, will be accomplished using [1]. The relevant results are presented here for
reference:

DEeFINITION. The locally bounded function f(x), x €[0, 0), is said to have essen-
tially zero asymptotic relative variation (EZARV) if the function g(x, a) defined by

A |[faryVr)
g S [

satisfies g(x, a)—> 0 as x > oo for any fixed a > 0.

PROPOSITION 3. If f(x) is differentiable and f'(x)/f(x)=o0(1/Vx) then f(x) has
EZARYV.

THEOREM 3. Let k =0 be even and suppose f*(x) exists, is locally bounded and has
EZARYV. Let X ~B(N, p(N)) where Np(1—p)-> 0. Then
£ W) W)

(3.3) E[f(X)]= Z St sk (D), where s =E[(X —n)*),  w=Np.

For the remainder of the paper, all functions S;(n) we consider will be assumed to
have EZARV unless otherwise noted.

It is our intention to replace the exact equations for the equilibrium (3.2) with the
asymptotic equations obtained by replacing E[S;(1+ n;)] with the appropriate asymp-
totic expansion from (3.3). Hopefully these asymptotic equations will have a solution
which is at the same time easily calculated and asymptotic to the exact equilibrium
solution. Notationally, we will use L} (p) to denote an asymptotic expansion of L;(p)
valid for p = p(N) satisfying the hypothesis of Theorem 3. In particular of course, we
can write L;(p;) ~L¥(p;). We then seek solutions of the asymptotic equations

M
(3.4a) C*(N)~L¥(pf), i=1,---,N; Ypf=1, Npf(1-pf)»>oo.
1
We will use Proposition 2 in our examples to show that C(N)~ C*(N) holds. Admit-

tedly, it is slightly unclear exactly what L;(p) ~L¥(p) and (3.4a) mean. Our examples
will clarify this point better than a clumsy formal definition.
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Of special interest to us will be the first order asymptotic equations obtained by using
for L¥(p) aone term expansion of L;(p) from (3.3). Asdefinedin § 2,if X ~B(N —1, D)
then L;(p) = E[S:(1+ X)]. By hypothesis S;(1+x) has EZARV and using (3.3) with
u =(N~—1)p gives Li(p) = E[S;(1+X)]=S:(q + Np)[1+0(1)]. Because of the EZARV
condition, dropping the g produces a relative change of o(1) so that L;(p)=

S:(Np)[1+0(1)]. We then take L¥(p)=S;(Np). The first order asymptotic equations
are then

(3.4) Cr=S(NpH[1+o(V)];  YpF=1.

Certainly, C*=C, p¥ =p, is one solution to (3.4). We would hope to be able to
guarantee that any solution of (3.4) satisfies C*=C[1+0(1)], p¥ =pi[1+0(1)]. An
example presented later shows that the latter conjecture does not necessarily hold. As
for the former, suppose p¥ is a solution to (3.4). Then

Li(p¥)=S:(NpF)[1+0(1)]=C*[1+0(1)].

By Proposition 2, C must fall within the range of the L;(p¥); we must have
C=C*[1+0(1)]or C~C*.

In addition to the symmetric equilibrium, it is also of interest to consider, for an
individual player, the strategy which maximizes his minimum expected payoff under the
least favorable actions by his N — 1 opponents. This problem may be cast as a zero-sum
two-person game in which the single player (which we call the individual) attempts to
maximize his payoff against the efforts of the coalition formed by his N —1 opponents
(called the director). We denote this game by G. The next proposition shows that under
certain additional restrictions on the S, the individual can guarantee himself a payoft
which is asymptotic to C(N); further, the payoff C(N) can be asymptotically guaran-
teed by using a strategy expressed in terms of the asymptotic equilibrium strategy p¥
obtained from (3.4).

PrOPOSITION 4. Suppose S;(x) is continuous, piecewise differentiable and
for x sufficiently large, Si(x) is monotone decreasing in magnitude. Let V(N) denote the
value of the game G and let {p¥} be any solution of (3.4). Then

(3.5) V(N)=C(N)[1+0(1)]
and any strategy {p;} for the individual which satisfies

[Si(Np)T™"

3.6 p; ~ ; 5
(36 P IS (NPT

M
Y-

guarantees a payoff V(IN)[1+0(1)].

Proof. It is clear that the director can hold the individual to a payoff C(IN) by having
his N —1 agents independently play the equilibrium strategy {p;}. Thus V(N)= C(N).
On the other hand, if the individual plays some strategy { p;} he is guaranteed a payoff of
at least

M M
3.7) Z4AminY pSi(n;+1) subjectto Y n;=N-1.
n 1 1
If we further restrict n; =V N, the individual’s minimum payoff will rise to at most

Z[1+0(1)]. This is because, in any optimal solution of (3.7), (M — 1)\/1T/' players can be
reallocated from the maximum of the n; to the other M —1 alternatives with the
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EZARV condition guranteeing a payoff increase of relative size at most [1+0(1)].
Replacing N —1 by N in (3.7) and dropping the integrality constraints on the n; can only
decrease the payoftf. We consider then

M
Z'AminY pSi(x;) subjectto x=VN, Y x;=N,
Xi 1 1
and have Z'=Z[1+0(1)].
Now choose p; so that

M
(3.8) pSi(Np¥)=1y; Ellﬁ.:l.

(Note that (3.8) implies equality in (3.6).)

Given this choice of p; by the individual, we claim that x; = Np¥, if feasible, (i.e.
Np* =+VN) gives the minimum payoff of Z'. This is because (3.8) shows that x; = Np*
satisfies the Langrange multiplier optimality condition; and the monotonicity condition
on S; along with the constraint x; = /N'shows this choice to be uniquely optimal. In that
case, since (3.4) is satisfied we have

Z'=§ pisi(Np:")=§ FCIL+0(1)]= C[1+o(1)]

If x; = Np¥ is not feasible then Z’'= C[1+0(1)] must hold. In any case, it is then
true that Z = C[1+0(1)] and finally V(N)=Z = C[1+0(1)]. It is easy to show that
asymptotic optimality of the p; is retained if equality in (3.6) is replaced with the
asymptotic condition shown there; the reader may supply the argument. This completes
the proof of Proposition 4.

Proposition 4 is an interesting result, for it says that the equilibrium non-
cooperative payoft is asymptotically the minimum a player will obtain if he uses the j; of
(3.6). If it happened that the asymptotic equilibrium or in fact the exact equilibrium
{p;} was not asymptotically optimal for the game G (in that it guarantees a payoff
C(N)[1+0(1)]) then serious doubt would be cast on its use, for the strategy of (3.6)
would then be preferable, at least for large N. On the other hand (3.6) does give an
asymptotically optimal strategy for G in terms of solutions to the first order asymptotic
equations ({p;} of course being one of them) and so the asymptotic equilibrium
strategies are worthwhile for study in any case. It happens however, that in all the
examples treated later, the asymptotic equilibrium does turn out to be asymptotically
optimal for G. While this suggests a general result along these lines is possible, we have
been unable to prove one. It would also be of interest to investigate in some examples
how good the equilibrium strategy { p;} is for the game G and how close V' (N) and C(N)
are when N is taken as finite and fixed as opposed to the limiting case we discuss here.
We do not provide such examples in this paper.

4. Examples with S; algebraically decreasing. The payoff functions we will
consider in this section will be assumed most generally to have an asymptotic expansion
of the form

4.1) S(x) ~Z a;/x™, where {a;}is an increasing sequence; a; > 0.
Our object will be to replace the equations for the equilibrium (3.2) with their

asymptotic expansions obtained by using Theorem 3 on E[S;(1+n;)] and finally to
calculate an expansion for the p;.
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PROPOSITION 5. Let f(x)=(1+x)"* Then for each even k the conclusion of
Theorem 3 holds ((3.3)). In particular E[f(X)]~1/(1+ )"

Proof. For every integral k =0, f**P(x)/f*(x) = O(1/x), so Proposition 3 shows
that f*(x) has EZARV and Theorem 3 may be applied when k is even.

PROPOSITION 6. If S(x) satisfies (4.1) and X is as in Theorem 3 then

4.2) E[S1+X)]~Y a:E[1/(1+X)™].

Proof. Taking the first k terms in (4.1) we have, from the definition of an asymptotic
expansion S(x)=Y*_, a;/x% + f(x) where f(x) =0 (x"*). Now for x =1, f(x) is clearly
bounded, say by K and for any £ >0 we can choose an m(g) to satisfy | f(x)| < e/x™**
for x > m. We then have |f(x)|<K2™ * +¢/x“* and taking expectations

E[lfA+X)1<K2™ "1 -p/2N +e(1+Np) **[1+0(1)]<2e(Np)

for N sufficiently large, where we used Proposition 5 to asymptotically evaluate
E[(1+X) *x]. The last inequality however means precisely that

E[lf1+X)[1=o[(Np)~*],

whence it follows that for each k
k
E[SQ1+X)]=Y aE[1/0+X)%]+E[1/(1+X)*]o(1)
i=1
which is the definition of (4.2).

Using Proposition 5 we calculate as an example and for our future reference the
three term expansion of E[1/(1+X)*""] where X ~B(N—1,p)and a >—1:

a+1lq _ 1 (a2+a)q
4.3) E[1/0+X) ]—(Np)“+1[1+ INp
q([3a*+14a>+21a*+10a]-[3a*+10a®+9a”+2alp) 3
N oy +001/(Np)'1]

The first two terms are easy to verify. The exponent a + 1 was chosen because the case
a =0 can be computed exactly as the first term in (4.3) with exponentially small error
and (4.3) is easily seen as confirming this through three terms. As usual, g =1—p. We
proceed now to treat some important examples.

A special case of particular interestis S;(x) = s;/ x. Using elementary techniques, we
can compute the relevant expectations explicitly in closed form:

1-[1-pN)I¥
Np(N)
where we write p(N) to remind ourselves that p depends on N.

In (4.4) the term [1—p(N)TV is exponentially small, i.e. is o[(Np) *]for any k. This
is because Np - co. Thus (4.4) has the asymptotic expansion

(4.4) Li(p)=si

L;(p)=si/Np+es.t. (es.t=exponentially small terms).

We now replace the exact equations for the equilibrium, (3.2), by their asymptotic

expansion. Solutions to these asymptotic equations will be denoted with an asterisk,
p¥, C*. We have

M
(4.5) C*=5;/Np¥(N)+eus.t.; Yp¥=1
1
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with solution
M M
(4.6) P:k =8/ s;; C*=Y s/N.
1 1

Since p, C* satisfy the exact equations with exponentially small error we would hope
that (4.6) is in error by a similar magnitude. We show this next.

PROPOSITION 7. If S;(x) = si/x then the error in (4.6) is exponentially small with
respect to powers of 1/N, i.e. |pi—p¥|=0(N"%);|C —C*|=0(N"") for every integer k.

Proof. It is easy to show that C = C* +e.s.t. We have L;(pf)=s/Np¥ +es.t.=
C*+e.s.t. and C = C*+e.s.t. follows from Proposition 2. With this result established
we can write, for any k, C*+o(N %) = s/ Np; +o[(Npi)_k]. Assuming for some i that
p:i>p¥ +0(N*>7%) then produces a contradiction and the proposition then follows.

The asymptotic solution (4.6) has intuitive appeal: One chooses alternative i
according to the relative weight of s;.. The common payoff to the players is the total
amount of money divided by N. Because some alternatives may not be chosen by
anyone (an event with exponentially small probability) the value of C is actually slightly
less than C*. Now consider the game G of individual vs. director. Proposition 4 shows
that each player can asymptotically guarantee himself a fair share of one Nth of all the
money. On the other hand from (3.6), we have S;(Np¥)=—s,/(Np¥)*=~C*/Np¥ =
—(C*)?/s; whence asymptotically optimal for the game G is the asymptotic equilibrium
strategy p{. Thus we have the very satisfying result that the intuitively appealing
relative weight strategy asymptotically guarantees each player his fair share of the spoils
even with hostile, collusive opponents.

A more general class of payoff functions, which we consider next, is

4.7 Si(x)~ Y %,L’f-,;, where s;0# 0.
k

The payoff functions thus decrease at the same algebraic rate and are O(1) with respect
to each other.

The first order asymptotic equations are

C* =[sio/(NpF)* 1 +0(1)]

with solution

4.8) bt =G0/ “;4 (oY CF= [i‘ (s0/"*/N]’.

It is not difficult to show that p¥ and C* are in fact asymptotic solutions for the
equilibrium; we will prove this more generally for the expansion discussed below. We
observe from (4.8) that if a is large then we have roughly p¥=~1/M, C*=
[]’[11w sio] "M (M/N)*. A later example with payoff functions exponentially decreasing
will have solutions asymptotically exhibiting this behavior.

We can treat the payoff functions in (4.7) in greater asymptotic detail by replacing
E[S:(1+ X)] with its asymptotic expansion calculated using Propositions 5 and 6 and
substituting into the equations (3.2) for the equilibrium. Asymptotic solutions of these
equations will then hopefully give us higher order approximations to the exact solution.

The expansion of E[S;(1+X)] (where X ~B(N —1, p)) is

9) EIS(1+ X))~ ¥ B8 12(p)
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where a;;(p) is a polynomial of degree j in p, with coefficients depending on « and s; for
k =j. Truncating the expansion (4.9) after k terms results in an error which is
0[1/(Np)****']. We then seek solutions of the asymptotic equations for the equilibrium

M
(4.10) C*~L*(pf), i=1,---,M; Ypi=1
1

To solve (4.10) we assume asymptotic expansions for p¥ and C* of the forms
p¥~Y,i_0bi/N'and C*~Y,_; c;/N**'. Then we reexpand (4.10) in inverse powers of
N and equate coefficients. The result is a sequence of equations for the coefficients. The
lowest order equations (resulting from equating coefficients of 1/N® in C* ~ L*(p¥)
and 1/N°%in Zl p¥ = 1) provide the first order solution given by (4.8) with b;,in place of
p¥ and ¢, in place of C*. Successive sets of unknown coefficients can then be explicitly
computed in a recursive fashion as the solutions of simple linear equations. We explain
further directly.

In the reexpansion of (4.10) using the assumed expansion for p}, the coefficient b;
first appears in the coefficient of 1/N**’ as a result of the expansion

oty ~[1-a T ] [N

Thus b;, first appears linearly. Also appearing in the coefficient of 1/N**/ may be {b;}
for k <j. Recalling that (4.8) gives the solution for b;o and co, we inductively assume that
bu,i=1,--- ,M;k=1,---,j—1 and ¢, k=1,---,j—1 have been computed.
Equating the coeﬂiments of 1/N**in C* ~L*(p§") and1/N'inYY p¥ =1gives M +1
equations for the m +1 unknowns b;;, i =1, - - -, M and ¢; of the form

M
(4.11) ci/ co= fi(bi, k <)/ bio— abij/ bio, i=1,---,M, 2 b;=0,
i=1
where f; is a multinomial in its arguments. The unknown coeﬂiments can then be trivially
solved for, e.g. sum the set of M equations over i using 21 b;; =0 to solve for c;, then
substitute back and solve for the b;. We have therefore shown that the coefficients in the
asymptotic expansions of p¥ and C* can be recursively solved for in a very simple

manner. The explicit equations for j =1 are:
(1 th)(a l)a +2S,1/S,0 abil.
2b10 biO ’ i

M

c1/co= Z =

Computations for higher order terms, while elementary, are also messy. In practice
of course, the work is simplified in dealing with the particular parameters of the problem
at hand. It would seem, in general, that a two-term expansion ought to be adequate for
large enough N. One would want the second term in the event that one’s expenses in
playing the game are of the order of the equilibrium payoff so that the net payoff might
be the same order as the second term in the expansion of C*.

We prove now that p¥ and C* are in fact asymptotic expansions of p; and C.

THEOREM 4. Let Si(x) be given by (4.7) and suppose C*,p¥ satisfy C*+
ON"*M=Li(p¥),i=1,---,Mand k=1 a fixed integer,

Ypf=1; Npf(l-pf)>co.

Then C=C*+OWN """ and pi=pf +ON7"),i=1,-- -, M.
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Proof. By Proposition 2, we must have C=C*+ON "*"%). If p;=pFf + O(N %)
does not hold then given any R > 0 there are infinitely many N such that for some index
J(N), pi(N)>pF + RN, Then Li(p)<L;(p¥+ RN7H), Using (4.9) to compare the
asymptotic expansion of L;(p}) and L;(p} + RN *) we see that for N sufficiently large
(possibly depending on R)

Li(pf +RN"*)<Li(p¥)—cRN ™ *=C*+ O(N™*"*)—=cRN ¥
and ¢ >0 is a constant independent of N and R. Finally,

C*+ON"* ) =C=Li(p)<Li(pf +RN*)<C*+O(N**)—cRN =¥

and for R sufficiently large a contradiction is obtained.

Consider now the game G for the class of payoff functions in (4.7). In order to apply
(3.6) we first consider S;(x) = s;/x*. The first order equilibrium for the non-cooperative
game is still given by (4.8), with s; in place of s;o. Applying (3.6), we have S} (Np¥) =
—asi/(NpF)**' = —aC*/(Np¥) so that p;=p¥ is asymptotically optimal for G.
Consider now the general case of (4.7). Recalling the proof of Proposition 4, if the
individual uses p¥ (or any other strategy for that matter) the optimal allocation by the
director can be assumed at least equal to VN for each alternative for purposes of
computing the asymptotic payoff to the individual. On the other hand such asymptotic
payoff can then be asymptotically obtained by replacing S;(x) with s;0/x® and in this
latter case the individual receives at least C[1+0(1)] if he uses p¥. Thus p¥ is still
optimal asymptotically in the general case.

PrROPOSITION 8. For payoff functions of the form (4.7), the asymptotic equi-
librium of (4.8) is asymptotically optimal for the game G and guarantees a payoff
Cl1+o0(1)]

The next class of payoff functions we consider is S;(x) = s;/x% +e.s.t. We assume
the o; are not equal and obey the ordering 0 <a; <a;<- - <ap. Determining an
asymptotic expansion for the p; in this case is a much more difficult task. We are unable
even to say what form the expansion has other than p; ~Y.; b;/N % and similarly for C.
These difficulties are demonstrated in calculating a two-term expansion below.

Recalling from (4.3) the two-term expansion of E[1/(1+n;)*]:

. Si a;i(a; —1)q; 2
4.12) E[s/(1+n)%]= — [l+ + O[1/(Np; ]

=G L anp, O/ Np’]
The equilibrium equations are C = E[s;/(1+n;)*]1=L,(p)); ZIIVI p: = 1. It is easily seen
that only p; can be bounded away from zero for large N so that p;>1;p;>0,i#1.

If p1—> 1 then C = (s1/N*)[1+0(1)]. To satisfy the equations C = L;(p;) for i #1
requires that

(4.13) ps=%[1+n(N)] where b; = (si/s)V*, Bi=1—ai/a, r(N)=0(1)

and (4.13) holds for all i. Note that 0<3; <1 for i # 1.
Observe next that the constraint 211\4 p: =1 can only be satisfied if —b,/N®2 appears
as the second term in the expansion of p;. In that case we can evaluate C to two terms as

S1

4.14 ~
(4.14) C~~

[1+a1by/N®].

The second terms in the expansions of p; for i > 1 are now obtained by satisfying (4.14).
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Substituting (4.13) into (4.12) and retaining the two largest terms:

S1 1 ai(a'i - 1)]
4.15 L(p: ~—a|: —+ = .
4.15) P~ N T 0T 2687
The r;(N) are then chosen to give the same two-term expansion as in (4.14).
If 1/a@; > B> then we must pick

(4.16) r(N)~—baa1/(N®?);  i:ai/ai>B,,

and if a1/a; <B, then we must pick r;(N) to cancel the other term in the brackets in
(4.15), i.e.

a;— 1 .
26N/

(The case «1/a; = B, may be supplied by the reader.)

The two-term expansion for the equilibrium strategy and payoff is then given by
(4.13), (4.16) and (4.17); and (4.14) respectively.

The further development of the asymptotic expansions is apparently a rather messy
exercise though no further conceptual difficulties should arise. We have seen that even
the form of the expansions depends on the particular values of the «;.

Consider now the game G with payoff functions of the form S; = s,/ x* +e.s.t. From
(4.14), C =(s1/N*)[1+0(1)]=S1(N)[1+0(1)]. Thus for this game it is a trivial obser-
vation that any strategy for the individual satisfying p; > 1 guarantees him a payoff
C[1+0(1)] and thus is asymptotically optimal. We note though that the strategy of (3.6)
is not asymptotic to the equilibrium strategy (though both satisfy j; » 1 and are thus
both asymptotically optimal for G). Indeed, (3.6) provides p; ~(ai/a;)p¥ as the
asymptotically optimal solution. It is not immediately clear which strategy for the
individual provides a better guaranteed payoff to second order—we have not investi-
gated this question.

(4.17) ri(N)~ it ai/a; <P

5. Two more examples. Below we find the first order asymptotic equilibrium
strategy for two examples which exhibit interesting behaviors. In the first example,
although the payoff functions are asymptotically equal (i.e. have limiting ratio of 1) the
first order equilibrium strategy does not share the same property. In the second example
although the payoff functions are not asymptotically equal the first order equilibrium
strategy has the p; asymptotically equal to 1/M.

The first example has payoff functions

1 a;
+ .
log (x+1) [log (x +1)T

It is easily verified that [log (1+x)]* has EZARV for any k. The analysis below can be
equally well carried out if (5.1) is only an asymptotic relationship rather than equality.
Indeed it is easy to show as in Proposition 6 that one could in that case simply take the
expectation of both sides to obtain an asymptotic expression for E[S;(1+X)].

The first order asymptotic equations are

(5.1) Si(x) =

5.2) CH1+o(1)]=1/log Np}); Y pF=1.

We observe that (5.2) is satisfied by any constant distribution {p7} (p¥ # 0). Thus the
first order equilibrium strategy is not determined by (5.2) although Proposition 2 does
imply that C = (1/log (N))[1+0(1)]. (Or more simply, since one of the p; must be
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greater than 1/M infinitely often we must have C ~1/log (N).) This degeneracy can
only be resolved by including the second order terms in the expansions of E[S;(1+ n;)].
We have, using Theorem 3,

E[1/log (2+n;)]=1/log [(N —1)p; + 2]+ 0(1/Np;) = 1/log (Np;) + 0(1/Np;).
The requirement C ~ 1/log (N) leads to log (p;)/log (N)=0(1) so that we may write

1 _ 1 _ 1 _ log (p;)
log (Np;) log (N)[1+log (p;)/log (N)] log (N) [log(N)I*

A two-term expansion of E[S;(1+ n;)]= C using the above gives asymptotic equations:

1 a—log(p¥
(5.3) ioe ™)t log (V)P

If we put C* =1/log (N)+c/[log (N)]* and then choose p¥ to satisfy

)[1 +o(1)].

M
(5.4) c=a;—log (p¥); ;p?=1,

then (5.3) will be satisfied. Our usual technique will show that in fact C ~ C*, p; ~p¥ is
satisfied by the equilibrium. (That is we assume p; =p¥ +0(1) doesn’t hold. Then we
must have p, >p¥ +¢, p; <p] —¢ for infinitely many N, where i =i(N), j = j(N). This
will produce a contradiction in (5.3).)

From (5.4) our asymptotic equilibrium is then

1 c exp (a;)
G i Toe ol TOME PTS e at O]
where ¢ =log [Z?il exp (a:)].

We see then that in general, although the payoff functions are asymptotically equal,
the p; will not be.

Considering the game G for these payoff functions, we find the situation rather
uninteresting to first order as was the case with the previous example. Any constant
distribution used by the individual will asymptotically guarantee him a payoff of
C[1+0(1)]. An investigation into the possible second order optimality of the equi-
librium might prove worthwhile but we will not attempt that here. We note that (3.6)
admits the asymptotic equilibrium as a solution.

Our next example has payoff functions which are exponentially decreasing. We will
see that such behavior in the payoff functions leads to an equilibrium strategy which is
asymptotically equally distributed, provided the payoft functions are of the same order
of magnitude.

We consider S;(x)=s; exp (—x®). If a <3, as we shall assume, then S;(x) has
EZARYV by Proposition 3. The first order asymptotic equations are

(5.6) C* =5 exp [-(NpF)* T1+o(D)]; Y pF=1.
1

We look for a solution in the form
C*=cexp[-(N/M)*];  p¥=[1+b/N“]/M.
Then (5.6) will be satisfied if

M
c=s; exp[—ab;/M*]; Yb;=0
1
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which in turn implies

M 1/M Ma B
c=[H s,] ; bi=——log(s—).
i=1 a

4

Again, it is not difficult to prove that p¥ gives p; correct to second order and that C is
asymptotic to C*. Thus p; is asymptotically equidistributed among the alternatives.
Applying (3.6) to this example shows that p; = 1/M is asymptotically optimal for the
game G.

6. Application to a dynamic game. As a final application of our asymptotic analysis
we consider the following game: Again we have N players, M alternatives and the same
hypotheses on the payoff functions, but in this game the alternatives are chosen
sequentially in the order 1, 2, - - - , M. The number of players remaining at any stage is
known to each remaining participant.

We consider first the exact calculation of the symmetric equilibrium. This is easily
accomplished, in principle, using backward induction. Suppose we are at the stage of the
game where only two alternatives remain with payoff functions Sas—; and Sas and j
players are left in the game. This is clearly our original game with two alternatives, with j
taking the place formerly occupied by N. We can therefore calculate the equilibrium
strategy and payoff as a function of j. Denote the payoff by C,(j). Taking one step
backwards, consider the stage of the game where three alternatives remain, along with j
players. It is not difficult to see that the equilibrium strategy at this stage, which consists
of a probability of choosing alternative M —2 as opposed to passing, may be found by
considering a two alternative game with payoff functions Sy—» and C, and j players.
Solving this game gives the equilibrium payoff function Cs(j) and the equilibrium
probability of choosing alternative M —2 as a function of j. The procedure continues
until the M stage strategy is determined.

We inquire next as to the asymptotic behavior of the equilibrium. It turns out that,
roughly speaking, the added information of the sequential game is not of any value to
first order. Consider first the sequential game played as individual versus director. It is
clear that the sequential nature of the game gives the director no new information: his
allocations may as well be determined prior to the start of the game. The value of the
game to the individual must be larger for the sequential game: after all, he can always
use his maximin nonsequential strategy. These observations hold for all N. For large N
however, the director can hold the individual to an asymptotic payoft of C(N) by using
the deterministic strategy of allocating [Np}] players to alternative i, where [ ]is the
greatest integer function and p¥ is any solution to the first order asymptotic equations
(3.4). On the other hand, under the conclusions of Proposition 4, namely (3.5) and (3.6),
which hold in particular for our examples, the individual can always guarantee himself
C(N)[1+0(1)] with a non-sequential strategy.

In practice of course, a sequential strategy is advisable. Asymptotically, one would
expect that some improvement could be gained if the individual simply updates his
asymptotically optimal strategy at each stage, taking into account the number of players
actually remaining. Against an optimal director however, the relative payoff increase is
at most o(1).

As for the noncooperative symmetric equilibrium in the sequential game, it can
probably be shown that if each player uses the asymptotic equilibrium strategy in a
sequential manner (updating N after each stage) the remaining player will be held to a
payoft C[1+0(1)]. Indeed it is probably true that if N —1 players simply ignore the
sequential nature of the game and play the asymptotic equilibrium, the remaining
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player will still only obtain C[1+ 0(1)]. We will not try to prove these conjectures here
for any general class of payoff functions. However, one can perform an explicit
calculation in the examples treated; we briefly consider S; =s;/n*,i=1,: -, M.

Let P;(j) be the equilibrium probability of choosing the alternative when i stages
remain; thus 1— P; is the probability of passing when i stages remain. Using (4.8) we
have

M M a
6D P)~eu"/ T 607 Gli~| X 6] /o

Thus, when two stages remain and j is large, P, and C, approach the asymptotic
equilibrium values; but this was obvious to begin with.

Consider now three stages remaining. P; and Cj are calculated, as described above,
using the payoff functions Sys—> and C,. We showed however that the asymptotic
behavior of P; and C; depends only on the asymptotic behavior of Sys—, and C,, which
we have calculated above. (The asymptotic specification of (4.7) lead to (4.8).) Note that
the payoff function C;(j) is of the form (4.7). We easily calculate

M M a
62 P~/ 3 0" ai~[ 3 607 /o
M-2 M-2
Again, the results in (6.2) are the same as those for the non-sequential equilibrium.
Continuing the induction backwards to alternative 1, we will obtain

M M o
63) Puld~(0"" [T 0" Cutd~[E60™] [

Suppose now that N —1 players use the asymptotic sequential strategy above; that is,
N-—1 players use Py =(s)""/T1 ()% Pro1=(s2)"*/Ts ()" +; Pa=
(sm—1)"*/ Zﬁ_l (sx)"/*. Then the remaining player, by the computations above, is held
to Cp()[1+0(1)]=C(j)[1+0(1)] where C is the nonsequential symmetric equilib-
rium payoff. But that strategy is actually nonsequential so the alternatives may be
chosen at the beginning; the resulting unconditioned probabilities are precisely the
asymptotic equilibrium probabilities of (4.8). Thus we have obtained:

For S; ~s;/n”, a single player is asymptotically held to the nonsequential equilib-
rium payoff if the remaining N —1 players use the asymptotic equilibrium strategy of
the nonsequential game.

Of interest for these sequential games would be first, a higher order asymptotic
calculation of the effects of the sequential assumption; and secondly some numerical
examples comparing sequential and non-sequential, exact and asymptotic, aspects of
these games.

7. Further questions. We have, along the way, suggested some further areas of
investigation in connection with the class of games considered in this paper. In this
section we briefly consider some issues peripheral to the analysis carried out. We make
some unsatisfactory remarks concerning the accuracy and utility of our asymptotic
results; and then we present some alternative asymptotic embeddings which could be
useful in situations where our asymptotic results do not apply.

Estimating the error in an asymptotic approximation is always a difficult task. The
general rule of thumb is to estimate the error as the size of the first neglected term in the
asymptotic expansion and this could be employed for our results, where more than a
first order approximation has been obtained. An alternative is to investigate the
accuracy with which the equations C = L;(p;) are satisfied. More precisely, the first
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neglected term in the expansion of C alone may be a better indicator of the operational
value of the asymptotic strategies. Even cruder is to take p; = O(1/M) and estimate
relative error as 1/Np;, in which case M/N is seen to be the important gauge of
asymptotic accuracy. Based on nothing at all, we will suggest that M/N ~75 gives
reasonable approximations by the asymptotic results.

The asymptotic equilibrium may of course always be profitably used as a first
approximation for a numerical solution. If one is interested in computing the optimal
strategy in the game G discussed previously, then again the asymptotic equilibrium is a
good starting point, by itself or thru the use of Proposition 4. Some numerical work
would be helpful in clarifying the relationships between the exact equilibrium, the
asymptotic equilibrium, and the optimal strategy and payoff in the game G.

Summing up our thoughts on the utility of the asymptotic analysis in this paper, we
feel we have developed, in analytic form, some interesting qualitative properties of
optimal strategies in the games considered. For large M/N our results are probably
accurate but are probably best and most safely used as part of a more detailed
operational and numerical analysis of the particular situation at hand.

When we apply asymptotic analysis to a finite game as in this paper, we embed the
game in a sequence of games which exhibits limiting behavior. It may not always be
clear however what the most ‘“natural” such sequence is for a particular game which,
after all, is described in terms of a finite set of parameters. In what follows we discuss a
few alternative sequences (other than that considered previously) which may be more
suitable in certain instances and some associated questions.

(a) Itis entirely possible that the S;(n) will not be given to us in analytic form (e.g.
si/ n, etc.) but rather will simply be, for each i, a set of N given numbers for which no
‘“natural” analytic extension presents itself. How then, if say N/ M is large, shall we (or
can we) apply the asymptotic results of this paper? For instance, might we try and fit
S;(n) with a finite polynomial in 1/n and then apply the results? What would constitute
a sufficiently good fit for the asymptotic results to apply? There are actually two parts to
this last question: How good is the approximation; and is N large enough that the
solution depends only on the asymptotic behavior of the analytic extension approxi-
mating S;(n)?

(b) Consider a game where say M =10 and N =30. Then the accuracy of our
asymptotic results are suspect since N/M = 3 is not very large. On the other hand, one
feels that 30 is a ‘“‘large enough” number for some sort of asymptotic behavior to
manifest itself. Clearly, what is called for here is an asymptotic sequence in which M
depends on N, say M = N/3 and N - 00. But how does one (and can one) embed the
Si(n)fori=1,---,10in an infinite sequence of S;(n) on which asymptotic analysis can
be profitably carried out?

(c) Most generally, one may want to consider a sequence in which everything
depends on N; in particular, the payoft functions may be functions S;(n;N) of N.
Consider for instance this scenario: N commuters await a train with M cars, car i
containing k; seats. Assume each commuter independently chooses one car to enter and
his payoff is one if he gets a seat, zero otherwise (or equivalently the payoff is the
probability of getting a seat). This leads to S;(n) =min (1, k;/n). Typically, while N/M
is large we also expect that k; = O(N/M) will hold, i.e. that the total number of seats is
less than N, but O(N) rather than o(N). It is clear that this requires the scaling of the k;
with respect to N, say k; = r,N/M and our asymptotic sequence of payoff functions is
S:(n; N)=min (1, nN/(Mn)) where r; is fixed by the given values (e.g. if N =200,
M =10, k1= 12 then r; = .6). clearly the asymptotic results of this paper will not apply;
the analysis is more difficult.
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The problem of asymptotic embedding poses some interesting mathematical
questions. Beyond this particular game, one may ask whether some classes of ‘“large”
problems might perhaps be investigated by embedding them in some appropriate
sequence possessing asymptotic behavior and amenable to analytic techniques of
analysis.
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ORTHOGONAL POLYNOMIALS IN TWO VARIABLES OF g-HAHN
AND ¢-JACOBI TYPE*

CHARLES F. DUNKL*

Abstract. Two families of orthogonal polynomials in two discrete variables are constructed for a weight
function of g-hypergeometric type. The polynomials are expressed in terms of g-Hahn polynomials. The
connection coeflicients between the two families involve Askey and Wilson’s 4¢3-polynomials, which are
certain balanced, terminating basic hypergeometric series. The method is to consider functions on the lattice
of subspaces of a finite vector space which are invariant under the subgroup of the corresponding general
linear group which fixes a pair of nested subspaces.

By limiting methods, corresponding results are obtained for Andrews and Askey’s little g-Jacobi
polynomials, which are orthogonal on a countable compact set. The classical Hahn version of the theory,
where the underlying group is the symmetric group, has been worked out by the author in a previous paper.

Introduction. Results on orthogonal g-polynomials are often suggested by the
theory of the corresponding ordinary polynomials. The theories of the g-Hahn and
classical Hahn polynomials have some close parallels; a group-theoretical explanation
of this is the correspondence between the Hecke algebras of a finite general linear group
with respect to parabolic subgroups, and of the associated Weyl group (a symmetric
group) with respect to Young subgroups. To put it another way, g-Hahn and classical
Hahn polynomials appear in the analysis of functions on the lattice of subspaces of a
finite vector space, and the lattice of subsets of a finite set, respectively.

By analyzing the action of the symmetric group on pairs of disjoint sets, the author [8]
discovered interesting connections among Hahn polynomials, a simple first-order
difference equation, both in two variables, and a family of orthogonal polynomials
expressed as balanced 4F3-functions (closely related to Racah’s 6 —j symbols). Askey
and Wilson [3] found a corresponding g-family for these (terminating, balanced
s¢3-functions), and it seemed that a similar setting for them could be found on the finite
general linear group